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@ Reduction to Model Operators
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Overview - Classical Brascamp-Lieb Inequalities

Definition

Classical Brascamp-Lieb inequalities refer to a class of inequalities of the following form

< BL(Lp) HnF,an, @y (1)

‘/ HF,L,x)dx

where
o L:= (L,-)]’.’=1 andforeach1 <j<n,L;: RY — RY is a linear surjection;
® p:=(p)iL;and p; > 1;

@ BL(L,p) represents the smallest constant for which (1) holds for all ; : R — R,

References: Brascamp-Lieb, Bennett-Carbery-Christ-Tao, etc.
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Overview - Classical Brascamp-Lieb Inequalities

Some well-known examples of classical Brascamp-Lieb inequalities, namely

n
< BLILP) [T Il s
j=1

‘ [ TT Aty
Ry

include
@ Hoélder’s inequality

’/ x)ax| < H||F||Lp,(Rd
where L; := id for each jand 5_7" ;% =1.
@ Loomis-Whitney inequality
d d
[ LA 000 < TTIRlmo-ry
RY j=1 j=1
where L; := m; and 7; : RY — R~ such that
(X)) = (X1, s X1, X1, 7+, Xg)-
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Overview - Singular Integral of Brascamp-Lieb Type

Definition

A multilinear singular integral operator T is a singular integral of Brascamp-Lieb type if when all
the kernels are set to be Dirac distributions 8, T(F1, ..., Fa) can be reduced to the integrand on
the left hand side of a classical Brascamp-Lieb inequality.

Scaling of a singular Brascamp-Lieb inequality thus follows from its corresponding classical
Brascamp-Lieb inequality.
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Overview - Examples of Singular Brascamp-Lieb of Hélder Scaling

Classical Brascamp-Lieb

Singular Brascamp-Lieb

References

Hélder’s inequality

Scaling:
[Pl x ... LPn 5 [P
with
F:1pli:lp’1 <pi < o0
for each i

Coifman-Meyer multiplier
Singular integral:

p.v./K(t1,t2)f1(x— t)o(x — bt dts

Multiplier:
m(&r, €2)F(€0)h(€) ™ 14D dg, de,
where m := K.

Coifman-Meyer

Bi-parameter paraproduct
Singular integral:
p.v. | Ki(t, )Ka(s1, S2)-

fi(x —t,y —s1)(x — b,y — s2)dtididsids;

Multiplier:

/ (€1, €2)ma(n1, mo ) (€1, m B (E2, 72)-

e m(E1te2) 2l tn2) de, dgy dny digp
where my = K1, mp = K2

Muscalu-Pipher

-Tao-Thiele
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Overview - Symbol for Coifman-Meyer Multiplier

Corfmen-Magar mulsiptor
S mit, &) L&) £ e“""“"’f’)d. 4%
|
ﬂ‘-ﬂl’e ‘Jdmlgu ?Z)I < m‘

N

Yujia Zhai (CNRS-Université de Nantes) A Singular Integral Estimate of Brascamp-Lieb Type August 18, 2020



Overview - Examples of Singular Brascamp-Lieb of Hélder Scaling

Classical Brascamp-Lieb Singular Brascamp-Lieb References

Hoélder’s Inequality Flag paraproduct
Singular integral:

Scaling: p.v. | K(t, b)K(s1, 82)- Muscalu

f1(X — t1)f2(X — b — S1)f(X — Sz)d[1 dt,dsy dsa Miyachi-Tomita
[Pl x ... [P — [P
Multiplier:

with [ aten cobien, o, i R(EIR(E):
2™ x(E1+62) g, d62d¢s
Efz1pll_:lp,1<pi<oo where a:= K, b := K.

for each i Twisted paraproduct
Singular integral: Kovaé
p.v. / K(t,s) - fi(x — t,y)h(x,y — s)dtds Durcik-Thiele
Multiplier:

m(&r, ) (&1, m) (&2, m2)-
e2mix(&1+82) g2miy(m +772)d€1 déodndne
where m := K.
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Overview - Symbol for Flag Paraproduct

sr-M

s N ix(B+8rf)
.pf LC5.%.5) 8) Bs)HE e

H.\_)

AgA%dB

%

05,85

Yujia Zhai (CNRS-Université de Nantes) A Singular Integral Estimate of Brascamp-Lieb Type August 18, 2020



Overview - Examples of Singular Brascamp-Lieb of non-Hélder Scal

Classical Brascamp-Lieb Singular Brascamp-Lieb References
Loomis-Whitney inequality: Coifman-Meyer multiplier
‘ :
/le | H fj(7rj(x))|’dx Singular integral: ’l\BAeneaI
j=1 uscalu
1 d
< H\lfjuﬂ(d_umdq) PV fogp Ko 1)
j=
2 d
fr(xg — 15, -+, Xg — ty)
Scaling: .
fgl — 14, xg_g — 19 Dt - at?
Lr(d—1)(Rd—1) N Lr(d—1)(Rd—1) o
withr > 0andr(d — 1) > 1 Multiplier:
[me' &, e,

Alternatively, Holder scaling with mixed norms: 71( 612, ey &f_1 s &f)

d—1 d—1

L)?T(L;(z,...,)xd)x"‘Lrg‘...,)xd71(Lf;) .
o1 L2 -

- L fd(édv&dv"' ,'SZ ! )

Q2N (E)+rEl) 2rming(63++€3)

1

2rig_q(e§ T +-»-+s§*1)e2wfxd<£§’+---+£g,1)d§1 e
where t = (8], ... th) e RY, & = (¢, €l) e RY
and m:= K.
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Overview - Examples Singular Brascamp-Lieb of

on-Hélder Scaling

Classical Brascamp-Lieb Singular Brascamp-Lieb References
Loomis-Whitney inequality: Multiparameter paraproduct d=2:
o 1
/ | G(Wj(x))|'dx Singular integral: Benea-
r J=1 Muscalu
d d )

< TT 10 r0—1) -1, pv. [ o TTH)

j=1 j=1

2 d
fi(xg — 1, Xg — )
Scaling: .
LrE@=D@RI=T) x .. @D (RIT) fa — - xg—g — 19" Dat' - at?
— L' Multiplier: d>2:
» N i
with r > 0 and r(d — 1) > 1 / TImi¢)- Muscalu-
j=1 Z.,
Alternatively, Holder scaling with mixed 71( 512, ce ,5?71 s 5?) Unpublished
norms: notes.
r(d—1 r(d—1

L)?T(Lxg,...,)xd)x"‘Lxg,...,)xd71(L)?;) R 1- ) g
- L fa(€g> Egy - - yﬁd_

G2 (€34 el 2mixg(65++-+€3)

1

2
€
e2rrixd71(£?* +...+5g*1)627rixd(5$+,u+§g71)d§1 g
where t/
and m;

oty ery e = (g, ) er?
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Overview - Examples Singular Brascamp-Lieb of non-Hélder Scaling

Classical Brascamp-Lieb Singular Brascamp-Lieb References
Loomis-Whitney inequality: Multiparameter paraproduct d=2:
d T
/ | G(Wj(x))|'dx Singular integral: Benea-
r j=1 Muscalu
d d )
. -l
< TL09l a1y pv. [ o T (¢
j= j=
2 d
il =8, xg— )

Scaling: X
L= (RI=1) » ... r(d=1)(gd~1) faO — - xg—g — 197 Dat' - at®
— L' Multiplier: d>2:
with r > 0and r(d — 1) > 1 /rﬁ1(5;,.-- e (eR, o €B) - Muscalu-

N -1 —1y = -1 , .

Mgy (€071, egT mg(e], €57 Unpublished

notes.
Alternatively, Hélder scaling with mixed RO &2, e971 g9
norms:
r(d—1 r(d—1

LZO(LX(Q,,.,,)xd)X"'Lxg,...,)xd71(L)?;) R 1- ) i
=L fa(eh 5,97 )

G2y (€14 +el) 2mixg(65++-+€3)

. d—1 d—1 o (ed d
eZWIXd_1(§1 +otEy )ezmxd(§1+»-»+5d71)d€1 --~d§d
where ¢ = (t{,-u ,IL",) emrY, ¢l 1:(547'“ adj) e RrR?
and /iy (€') == my(0,€},- -+, &l ete.
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Overview - Motivation

Uassical B-L

2-0 Loom's N‘-”"‘V; Jl%oogly)( < f{#uldxfoglj)l-g
Jir_l ‘q.

| Z

\
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Overview - Motivation

Classical Brascamp-Lieb Singular Brascamp-Lieb References
2D Loomis-Whitney inequality 5 -linear singular integral operator Pipher-Lu
+ Holder -Zhang
1
([ 1n00%maewhx I day) | [ ai(er. cober. €2, €)aetn, ma)batn. o)
S llpr gy 12l 01 gy F(£0)R(£2)d1 (11)62(n2)P(€3, n3) Muscalu-Z.
1911 o2 sy 192 | 02 (2 11l 5 52 P iX(E1+82+83) 2 (M1 +12413) dig e dg dny dnpding
Scaling:
LP1(R) x LT (R) x LP2(R) x L92(R) x
L5(R?) — L
with

JL I I
P Ci| P2 a2
1<p1,P2,G1,q2 < 0

1_1
T s
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Main Theorem - Statement

Suppose ajy, a» € L°°(]R2), by, by € L“(R3), where ay, ap are smooth away from from {(&4, &€2) = 0},{(n1, n2) = 0}
respectively and by, b, are smooth away from {(&1, &2, £3) = 0}, {(n1, m2, n3) = 0} respectively. Assume they satisfy the
following Marcinkiewicz-Mikhlin-Hérmander conditions:
‘<71 |82 ay( )‘<71
~ s 2(m,n2)| X »
I(&1, €2)1' 1] [(m1, m) |12

1
B B
‘3 1b1(§1,£2153)‘ bt TSI |5 2b2(n17772,713)‘ <

[0%1 ay (&1, &2)
1

v
I(n1, 12, m3) 122!

for sufficiently many multi-indices o1, oo, 81, Bs. For fi, 5, g1, o € S(R) and h € S(R?) where S(R) and S(R?) denote the
Schwartz spaces, define a five-linear operator as

Taybyagby (15 12591, 92, W) (X, ¥) := ./msa1(§1’€2)b1 (&1, &2, €3)a@2(n1, n2)b2(n1, M2, 3)

H(&1)R(&2)d1 (1) G2(n2)h(Es, n3)

e?miM(E1+82+83) 2 (11 +12+03) gy dey deg dny dmpding. @

Taybyapby © L7V (R) x L9 (R) x [P2(R) x L% (R) x L°(R®) — L'(R?),
for

@ 1< p1,p2,G1,G2,8 < 00,1 >0;

@0< Lot 11 _
Shte T e
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Corollary - Leibniz Rule

@ One corollary of the theorem is a Leibniz rule which captures the nonlinear interaction of waves coming
from transversal directions. In general, Leibniz rules refer to inequalities involving norms of derivatives.

@ Fora > 0and f € S(R?) a Schwartz function in R?, define the homogeneous derivative of f as

D= 7' (1e1*T(9)) -

Corollary

Suppose fi, & € S(R), 91,92 € S(R) andh € S(Rz) Then for 3y, B2, a1, g > 0 suffzc:ently large and
1<pl1’17121q4’q1273<oor>0 pl1aql (p127q12)¢(oo oo)l =1 + lf*foreaCh
P

I q’z '
j=1,...,16,
B1 B aq Ao ,
1D D, (D Dy 2 (K85 97 95 )W )| g2y
< sumof 16 terms of the forms:

o1 +54 < +P2
|| Dy ﬂllﬁﬂ (R)“fz”ﬂ? (R)HDZ 91 IIL,,1 llgall 4 " 1Al 61 o)+

-+ B4 o+B8s
HMIL,,g(R)HQ fzIIng(R)IIDg 91HLP§(R)||92H B 161l 62 g2, +

DXL 5 Rl s 11DS2ail o 2 Dzh 300y T -
1D, ”Lp1(]R)H ”Lq1(R)” 29 HLPE(R)HQ ||L . I ll,s ®2)
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Reduction to Model Operators - Littlewood-Paley Decomposition

@ Recall Leibniz rule corresponding to the boundedness of Coifman-Meyer multiplier:
I1D%(F&)llr S 1D fillpy [1f2llay + 1111, 1 D F2llay

® D(fiR)(x) = F (1€ h * b(&)(x) = / |61+ ol “h (€D R(&)E™ 1 Ddg de, &
@ We want to separate the domain of integration into the following three regions:
(1) &1 + &2| ~ |&2|

(2) |&1 + &a| ~ €] e
(3) &1 ~ |&|

@ We perform the Littlewood-Paley decomposition to achieve the above separation:
Recall 1 = ¥x(£), where 1 are bump functions with supp(¥x) C {£: 27" < [¢] < 2}
kezZ
For our purpose,

1(6,8) = D k(&) (&)

ki ,kp €EZ

=S U@ Y P E) T wE) S Di(E) D i (€)1 (E).
ko kq:ky <kp—100 kq ko:kp <ky —100 kq
¢k2(51) Pky (&2)
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Reduction to Model Operators - Littlewood-Paley Decomposition

@ We introduce the notation that a bump function is of «-type if its Fourier support is away from
0 and of p-type otherwise.

@ With the separation, we have

“(ff)( /Z@k(& Pr(&2) |§1|;‘i2| 7(&1)1€21*8(¢2)€*™ ™1 ¥42) dey dep+

/ > e an(e) '§1|£+ff' l611°F(61)8(6) 2™ € €2 iy g+

[ X butein@)ler + &ali(enaea) ™ g ey
k
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Reduction to Model Operators - Littlewood-Paley Decomposition

@ We introduce the notation that a bump function is of «-type if its Fourier support is away from
0 and of p-type otherwise.

@ With the separation, we have

D)) = [ > e wk(gz)'€1|§+|i2‘ (e)Dg(€2) ™M+ €2 e ey +
/Zwk 61 If1|2’|§2‘ Da (€ )9(52) 27'rIX(§1+§2 d§1 d§2+

/Ziﬁk(& Yok(E2)l€n + €2l T(61)0(E2) 2™ 6 dey di
K
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Reduction to Model Operators - Littlewood-Paley Decomposition

@ We introduce the notation that a bump function is of )-type if its Fourier support is away from
0 and of p-type otherwise.

@ With the separation, we have

“(fif2)(x) /Zsﬁk (&) (&) |€1|2_|§¥2‘ F(€1)Dog(g2) M€ 42 d e+

| S dtenantee = e ) de oo+
k

[ X butenine)ler + &l Henae) ™ g ey
k

@ In general, for m(¢) satisfying the Marcinkiewicz-Mikhlin-Hérmander condition, namely
1
€]l

for sufficiently many multi-indices «, m restricted to the Whitney cube with respect to the
origin is essentially constant.

0™ m(&)] <
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Reduction to Model Operators - Littlewood-Paley Decomposition

@ By applying the Littlewood-Paley decomposition to a; in the frequency plane and by in the

ar(€1,6) = Z o(E1)D2(E2)

at least one of -type

frequency space,

and
bi(&1,62.6) =D b (€1)92(€2)00 (&)
T N—————

at least one of )-type
@ The symbol a; (&1, £2)b1 (&1, €2, €3) can be rewritten as a sum of 2 types of symbols
) Mi(&1, 62, 6) = > BrlE)DR(E) ] (61)BE(E2) ) (&3)
k,i

2) m(Er, €.8) = 3 BL(E)TAE)BH(E) P (€T (E)

ki

)
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Reduction to Model Operators - Littlewood-Paley Decomposition

@ By applying the Littlewood-Paley decomposition to a; in the frequency plane and by in the
frequency space,

a(&1,&) =Y ok(&1)dE(&)
at least one of -type

and

bi(&1,€2,68) = Y &1 (64)87 (€2)¢5 (Ga)

at least one of -type
@ The symbol a; (&1, £2)b1 (&1, &2, &3) can be rewritten as a sum of 2 types of symbols:
1) mi(&r, €2, &) = D BHENDE(E)E (&) =: mpProe

) mE(&4, &2, Ea) 7251(51 VDh(€2)0] (€1)B7(€2)05 (6) = D Brl€)DR(E2) B (€1 P (€2)37 (€3)

ki ki A
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Reduction to Model Operators - Littlewood-Paley Decomposition

@ By applying the Littlewood-Paley decomposition to a; in the frequency plane and by in the
frequency space,

a(&,6) = Z ACEAR)
at least one of )-type

and

bi(&1,€2,&8) = > 61 (€1)92(€2)87 (&)

at least one of -type

@ The symbol a; (&1, £2)b1 (&1, &2, &3) can be rewritten as a sum of 2 types of symbols:

) Mi&r€2,88) = D 3] ()97 (€27 (€) =: oo
2) mi(&1, &2, 68) = D BulEUR(E)PI (6B (E2)U7 (€)= my™ .
k<i .
2
W _ 0
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Reduction to Model Operators

The symbol a; (&1, £2)b1 (&1, €2, £3) @2 (11, m2)b2(n1, M2, n3) can be decomposed into 4 types of
symbols:

paraproduct flag paraproduct flag
(m{ +mi=) @ (m; +my~)

araproduct araproduct araproduct flay flag araproduct fla fla
= mbareP ® mpeP +mfEreP ® myd + m* ® mheP +m* @ my™.

bi-parameter paraproduct
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