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Introduction

We investigate the following k-Hessian equation (1 ≤ k ≤ n):{
Sk(D2u) = σk(λ) = b(x)f (−u) in Ω,

u = 0 on ∂Ω,
(1.1)

and {
Sk(D2u) = σk(λ) = b(x)f (u) in Ω,

u = +∞ on ∂Ω,
(1.2)

where λ = (λ1, λ2, · · · , λn) are the eigenvalues of the Hessian
matrix D2u and

σk(λ) =
∑

1≤i1<···<ik≤n
λi1 · · ·λik

is the kth elementary symmetric function of λ. For completeness,
we also set σ0(λ) = 1 and σk(λ) = 0 for k > n.
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To work in the realm of elliptic operators, we have to restrict
the class of functions and domains.

u ∈ C 2(Ω) is called a k-admissible function if for any x ∈ Ω,
λ(D2u(x)) belongs to the cone given by

Γk = {λ ∈ Rn : σj(λ) > 0, j = 1, · · · , k}.

Γk is an open, convex, symmetric cone with vertex at the origin,
and

Γ1 ⊃ Γ2 ⊃ · · · ⊃ Γn = {λ ∈ Rn : λ1, · · · , λn > 0}.

We have
∂σk(λ)

∂λi
> 0 in Γk ∀ i

and
σ

1/k
k (λ) is a concave function in Γk .
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Let
S(Γk) = {A : A ∈ Sn×n, λ(A) ∈ Γk},

where Sn×n denotes the set of n × n real symmetric matrices.
S(Γk) is an open convex cone with vertex at the origin in matrix
spaces. The properties of σk described above guarantee that(

∂Sk
∂aij

)
n×n

> 0 ∀ A ∈ S(Γk)

and
S

1/k
k is concave in S(Γk).

Moreover, for any 1 ≤ l ≤ k ,(
∂Sl
∂aij

)
n×n

> 0 ∀ A ∈ S(Γk).

For convenience, we will denote S ij
l (A) = ∂Sl (A)

∂aij
.
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For an open bounded subset Ω ⊂ Rn with boundary of class
C 2 and for every x ∈ ∂Ω, we denote by

ρ(x) = (ρ1(x), · · · , ρn−1(x))

the principal curvatures of ∂Ω (relative to the interior normal).
Ω is said to be l-convex (1 ≤ l ≤ n − 1) if ∂Ω, regarded as a

hypersurface in Rn, is l-convex, that is, for every x ∈ ∂Ω,

σj(ρ(x)) ≥ 0 with j = 1, 2, · · · , l .

Respectively, Ω is called strictly l-convex if

σj(ρ(x)) > 0 with j = 1, 2, · · · , l .

Note that σ0(ρ(x)) = 1 > 0 for any x ∈ ∂Ω. We say that
every bounded domain Ω with boundary of class C 2 is 0-convex.

Dongsheng Li Xi’an Jiaotong University
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Definition 1. A function u ∈ C (Ω) is said to be a viscosity
subsolution (supersolution) of (0.1) if whenever x0 ∈ Ω, A is an
open neighborhood of x0, ψ ∈ C 2(A) is k-admissible and u − ψ
has a local maximum (minimum) at x0, then

Sk(D2ψ(x0)) ≥ b(x0)f (−ψ(x0)) (≤ b(x0)f (−ψ(x0))).

A function u ∈ C (Ω) is said to be a viscosity solution if it is both a
viscosity subsolution and a viscosity supersolution.

Definition 1′. A function u ∈ C (Ω) is said to be a viscosity
subsolution (supersolution) of (0.2) if whenever x0 ∈ Ω, A is an
open neighborhood of x0, ψ ∈ C 2(A) is k-admissible and u − ψ
has a local maximum (minimum) at x0, then

Sk(D2ψ(x0)) ≥ b(x0)f (ψ(x0)) (≤ b(x0)f (ψ(x0))).

A function u ∈ C (Ω) is said to be a viscosity solution if it is both a
viscosity subsolution and a viscosity supersolution.Dongsheng Li Xi’an Jiaotong University
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Existence of solutions

Theorem 1: Let Ω ⊆ Rn be a bounded and strictly
(k − 1)-convex domain with ∂Ω ∈ C 3,1. Suppose that
f ∈ C 1(0,∞) is positive and nonincreasing, and that b ∈ C 1,1(Ω)
is positive in Ω. Then (0.1) admits a unique viscosity solution
u ∈ C (Ω).

Remark. The main interest here is that of Hessian equations
with singular right-hand sides. Note that it may happen that

f (s)→∞ as s → 0.

The existence of solutions of Hessian equations with regular
right-hand sides has been considered in many papers, c.f.:

[1] K.S. Chou, X.J. Wang, A variational theory of the Hessian
equation, Comm. Pure Appl. Math. 54 (2001) 1029-1064.
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Related results

[2] N.S. Trudinger, On the Dirichlet problem for Hessian
equations, Acta Math. 175 (1995) 151-164.

Lemma 1. Assume that Ω is bounded, strictly (k-1)-convex
and ∂Ω ∈ C 3,1. Let b(x) ∈ C 1,1(Ω) be positive in Ω. Then the
following equation{

Sk(D2u) = b(x) in Ω,

u = 0 on ∂Ω,

admits a k-admissible solution u ∈ C 3,β
loc (Ω) ∩ C (Ω) for some

0 < β < 1.
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[3] B. Guan, The Dirichlet problem for a class of fully
nonlinear elliptic equations, Comm. Partial Differential Equations
19 (1994) 399-416.

[4] Y.Y. Li, Some existence results for fully nonlinear elliptic
equations of Monge-Ampère type, Comm. Pure Appl. Math. 43
(1990) 233-271.

Lemma 2. Assume that Ω is bounded, strictly (k-1)-convex
and ∂Ω ∈ C 3,1. Let f ∈ C 1(0,∞) be positive and nonincreasing,
and b(x) ∈ C 1,1(Ω) be positive in Ω. For any constant c < 0, if{

Sk(D2u) = b(x)f (−u) in Ω,

u = c on ∂Ω,

has a subsolution, then it admits a solution u ∈ C 3,β
loc (Ω) ∩ C (Ω)

for some 0 < β < 1.
Dongsheng Li Xi’an Jiaotong University
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The comparison principle

Lemma 3. (The comparison principle.) Let Ω be a
bounded domain in Rn. Suppose that g(x , η) is positive and
continuously differentiable, and is nondecreasing only with respect
to η. If u, v ∈ C (Ω) are respectively viscosity subsolution and
supersolution of

Sk(D2u) = g(x , u)

and u ≤ v on ∂Ω, then we have

u ≤ v in Ω.

Moreover, the conclusion is still true if v ∈ C (Ω) and v(x)→∞
as x → ∂Ω.

J.I.E. Urbas, On the existence of nonclassical solutions for two
classes of fully nonlinear elliptic equations, Indiana Univ. Math. J.
39 (1990) 355-382.
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Proof of Theorem 1.

By Lemma 1, let w ∈ C 3,β
loc (Ω) ∩ C (Ω) (0 < β < 1) be the

solution of {
Sk(D2w) = b(x) in Ω,

w = 0 on ∂Ω.

Define
v(x) = −η(−w(x)) in Ω,

where η is given by

t =

η(t)∫
0

1

f (τ)1/k
dτ .

Dongsheng Li Xi’an Jiaotong University
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Proof of Theorem 1.

Then we see that

η(0) = 0, η′(t) = f (η(t))1/k and η′′(t) =
1

k
f (η(t))(2−k)/k f ′(η(t))

and
v ij = η′(−w)wij − η′′(−w)wiwj .

It follows that
D2v ≥ η′(−w)D2w .

Therefore v is k-admissible and

Sk(D2v) ≥ (η′(−w))kSk(D2w) = (η′(−w))kb(x) = b(x)f (−v) in Ω.

Dongsheng Li Xi’an Jiaotong University
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Proof of Theorem 1.

Let

Ωj = {x ∈ Ω : v(x) < −1

j
}

for j = 1, 2, · · · . Then Ωj is strictly (k − 1)-convex since w is
k-admissible. c.f. N.S. Trudinger, On new isoperimetric inequalities
and symmetrization, J. Reine Angew. Math. 488 (1997) 203-220.

Consider 
Sk(D2u) = b(x)f (−u) in Ωj ,

u = −1

j
on ∂Ωj .

(2.1)

We have shown v is its k-admissible subsolution. Then by Lemma
2, it has a k-admissible solution uj .

Dongsheng Li Xi’an Jiaotong University
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Proof of Theorem 1.

By Lemma 3,
v ≤ uj in Ωj .

Since
uj = v ≤ uj+1 on ∂Ωj ,

by lemma 3 again,
uj ≤ uj+1 in Ωj .

Dongsheng Li Xi’an Jiaotong University



Introduction
Hessian equations with singular right-hand sides

Large solutions of Hessian equations

Existence of solutions
Boundary asymptotic behavior

Proof of Theorem 1.

Let
v = αw in Ω.

Then v is a supersolution of (2.1) if α > 0 is sufficiently small.

Actually, let Lw = max{−w(x) : x ∈ Ω} and α small enough
such that

αk ≤ f (αLw ) and αk ≤ f (1).

Therefore v satisfies

σk(λ(D2(v))) = αkb(x) ≤ b(x)f (αLw ) ≤ b(x)f (−v) in Ω.

Dongsheng Li Xi’an Jiaotong University
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Proof of Theorem 1.

Note that

t ≤ η(t)

f (η(t))1/k
for 0 < η(t) < 1.

Thus
η−1(s) ≤ s

f (s)1/k
≤ s

f (1)1/k
for 0 < s < 1.

We see that

v = αw = −αη−1(
1

j
) ≥ −1

j

α

f (1)1/k
≥ −1

j
on ∂Ωj .

By Lemma 3,
uj ≤ v in Ωj .

Dongsheng Li Xi’an Jiaotong University
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Proof of Theorem 1.

For each x ∈ Ω, choose j0 so that x ∈ Ωj0 . For any j ≥ j0,

v ≤ uj ≤ uj+1 ≤ v in Ωj0 .

Let
u(x) = lim

j→∞
uj(x).

Moreover, b(x)f (−uj(x)) ∈ L∞(Ωj). For any j ≥ j0 + 1, by

N.S. Trudinger, Weak solutions of Hessian equations, CPDE
22 (1997) 1251-1261

uj ∈ Cβ(Ωj0+1) with 0 < β < 1 and

‖uj‖Cβ(Ωj0
) ≤ C (n, k ,min

Ωj0

v ,max
Ωj0

v ,Ωj0 , b, f ).
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Proof of Theorem 1.

Hence u ∈ C (Ω). Note that

v ≤ u ≤ v in Ω.

This implies that u ∈ C (Ω).

By the uniform convergence of {uj} on compact subset of Ω,
we have u is a viscosity solution of (1.1).

By Lemma 3, the solution is unique.
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Boundary asymptotic behavior

To investigate the boundary behavior of solutions of (1.1), we
need more assumptions on

f ,

b and

the curvature of the boundary.

Dongsheng Li Xi’an Jiaotong University
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Assumptions on f

(f1) f ∈ C 1(0,∞), f (s) > 0, f (s)→∞ as s → 0, and is
nonincreasing on (0,∞);

(f2) There exists Cf > 0 such that

lim
s→0+

H ′(s)

s∫
0

dτ

H(τ)
= −Cf ,

where H(τ) = ((k + 1)F (τ))1/(k+1) and

F (τ) =
a∫
τ
f (s)ds ∀ 0 < τ < a . For convenience, we define ϕ by

ϕ(t)∫
0

dτ

H(τ)
= t ∀ 0 < t < α,

where ϕ(α) = a. Actually, the existence of ϕ is obvious since 1
H is

nondecreasing and integrable on [0, a].
Dongsheng Li Xi’an Jiaotong University
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Assumptions on b

(b1) b ∈ C 1,1(Ω) is positive in Ω;

(b2) There exist a positive and nondecreasing function
m(t) ∈ C 1(0, δ0) (for some δ0 > 0), and two positive constants b
and b such that

b = lim inf
x∈Ω

d(x)→0

b(x)

mk+1(d(x))
≤ lim sup

x∈Ω
d(x)→0

b(x)

mk+1(d(x))
= b,

where d(x) = dist(x , ∂Ω), and there exists Cm ∈ [0,∞) such that

lim
t→0+

(
M(t)

m(t)

)′
= Cm,

where M(t) =
t∫

0

m(s)ds <∞ for any 0 < t < δ0.

Dongsheng Li Xi’an Jiaotong University
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Curvatures of the boundary

Set

L0 = max
x∈∂Ω

σk−1(ρ(x)) and l0 = min
x∈∂Ω

σk−1(ρ(x)),

where
ρ(x) = (ρ1(x), ρ2(x), · · · , ρn−1(x))

are the principal curvatures of ∂Ω at x . Observe that
0 < l0 ≤ L0 < +∞ since Ω is bounded and strictly (k − 1)-convex.

The boundary estimates of the solution of (1.1) are related to
L0 and l0.

Dongsheng Li Xi’an Jiaotong University
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Theorem 2.

Theorem 2: Let Ω ⊆ Rn be a bounded and strictly (k − 1)-convex
domain with ∂Ω ∈ C 3,1. Suppose that f satisfies (f1) and (f2),
and b satisfies (b1) and (b2). If

Cf > 1− Cm, (2.2)

then the viscosity solution u of (1.1) satisfies

1 ≤ lim inf
x∈Ω

d(x)→0

−u(x)

ϕ(ξM(d(x)))
and lim sup

x∈Ω
d(x)→0

−u(x)

ϕ(ξM(d(x)))
≤ 1, (2.3)

where ϕ is defined by (1.3),

ξ =

(
b

L0(1− C−1
f (1− Cm))

) 1
k+1

, ξ =

(
b

l0(1− C−1
f (1− Cm))

) 1
k+1

.

Dongsheng Li Xi’an Jiaotong University
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Example 1

(i) b ≡ 1 and f (s) = s−γ , γ > 1. Choose m(t) = 1 and then

M(t) = t and Cm = 1.

We obtain Cf = γ−1
k+γ > 1− Cm, ((2.2)holds)

ϕ(t) =
(

(k+γ)k+1

(γ−1)(k+1)k

)1/(k+γ)
t(k+1)/(k+γ),

ξ =
(

1
L0

)1/(k+1)
and ξ =

(
1
l0

)1/(k+1)
. Hence

1 ≤ lim inf
x∈Ω

d(x)→0

−u(x)(
(k+γ)k+1

L0(γ−1)(k+1)k

)1/(k+γ)
d(x)(k+1)/(k+γ)

and

lim sup
x∈Ω

d(x)→0

−u(x)(
(k+γ)k+1

l0(γ−1)(k+1)k

)1/(k+γ)
d(x)(k+1)/(k+γ)

≤ 1.

Dongsheng Li Xi’an Jiaotong University
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Example 2

(ii) b = d(x)α(k+1), α > 0, near ∂Ω and f (s) = s−γ , γ > 1.
In this case, choose m(t) = tα, and we obtain

M(t) =
tα+1

α + 1
and Cm =

1

α + 1
.

We still have Cf = γ−1
k+γ ,

ϕ(t) =

(
(k + γ)k+1

(γ − 1)(k + 1)k

)1/(k+γ)

t(k+1)/(k+γ),

ξ =

(
(α + 1)(γ − 1)

L0(γ − 1− αk − α)

) 1
k+1

and ξ =

(
(α + 1)(γ − 1)

l0(γ − 1− αk − α)

) 1
k+1

.
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Example 2

If γ > α(k + 1) + 1, then Cf > 1− Cm. ((2.2) holds)

Therefore, by (1.6), the solution of (1.1) satisfies

1 ≤ lim inf
x∈Ω

d(x)→0

−u(x)(
(k+γ)k+1

L0(γ−αk−α−1)(k+1)k (α+1)k

)1/(k+γ)
d(x)(k+1)(α+1)/(k+γ)

and

lim sup
x∈Ω

d(x)→0

−u(x)(
(k+γ)k+1

l0(γ−αk−α−1)(k+1)k (α+1)k

)1/(k+γ)
d(x)(k+1)(α+1)/(k+γ)

≤ 1.
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Some related results

M.G. Crandall, P.H. Rabinowitz, L. Tartar, On a Dirichlet
problem with a singular nonlinearity, Comm. Partial Differential
Equations 2 (1977) 193-222.

The existence of classical solution of Poisson equations and
the boundary behavior of the solution with f only satisfying (f1)
and b = 1. They showed that the unique solution u satisfies

c1p(d(x)) ≤ −u(x) ≤ c2p(d(x)) in Ωα,

where c1 and c2 are two positive constants,
Ωα = {x ∈ Ω : d(x) ≤ α} for some α > 0, and p satisfies −p

′′
(s) = f (p(s)) for 0 < s ≤ α,

p(0) = 0,
p(s) > 0 for 0 < s ≤ α.

This is actually the generalization of Hopf lemma for singular
elliptic equations.
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Some related results

A.C. Lazer, P.J. McKenna, On singular boundary value
problems for the Monge-Ampère operator, J. Math. Anal. Appl.
197 (1996) 341-362.

Generalize the results to Monge-Ampère equations with
f (s) = s−γ , γ > 1 and a positive b ∈ C∞(Ω). They showed that
there exist two positive constants k1 and k2 such that

k1d(x)
n+1
n+γ ≤ −u(x) ≤ k2d(x)

n+1
n+γ in Ω.

A. Mohammed, Existence and estimates of solutions to a
singular Dirichlet problem for the Monge-Ampère equation, J.
Math. Anal. Appl. 340 (2008) 1226-1234.

Generalize to f only satisfying (f1) and the result: there are
two positive constants C1 and C2 such that

C1ϕ(d(x)) ≤ −u(x) ≤ C2ϕ(d(x)) in Ωα,

where ϕ is defined by (1.3) with k being replaced by n.
Dongsheng Li Xi’an Jiaotong University
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Some related results

L and S.S. Ma, Boundary behavior of solutions of
Monge-Ampère equations with singular righthand sides, J. Math.
Anal. Appl. 454 (2017) 79-93.

H.Y.Sun and M.Q.Feng, Boundary behavior of k-convex
solutions for singular k-Hessian equations, Nonlinear Anal. 176
(2018), 141-156.

C. Loewner, L. Nirenberg, Partial differential equations
invariant under conformal or projective transformations, in:
Contributions to Analysis (A Collection of Papers Dedicated to
Lipman Bers), Academic Press, New York, 1974, pp. 245-274.

S.Y. Cheng, S.T. Yau, On the regularity of the
Monge-Amp‘ere equation det(∂2u/∂xi∂xj) = F (x , u), Comm.
Pure Appl. Math. 30 (1977) 41.68.

M. Ghergu, V. Radulescu, Singular Elliptic Problems:
Bifurcation and Asymptotic Analysis, in: Oxford Lecture Series in
Mathematics and its Applications, vol. 37, The Clarendon Press,
Oxford University Press, Oxford, 2008.
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Proof of Theorem 2.

We will prove Theorem 2 by the comparison principle. The
key is to construct supersolution and subsolution.

The functions −ϕ(ξM(d(x))) and −ϕ(ξM(d(x))) in (1.6),
are “quasi-supersolution” and “quasi-subsolution” respectively.

That is, after perturbing ξ and ξ to ξ
ε

and ξε,

−ϕ(ξ
ε
M(d(x))) and −ϕ(ξεM(d(x))) are supersolution and

subsolution near the boundary respectively.
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Two Lemmas

We need the asymptotic estimate of functions in (f2) and (b2)
as t → 0. The following two lemmas describe those asymptotic
behaviors. As for their proofs, Karamata regular variation theory
was used. Karamata regular variation theory is a tool to describe
the precise rate of functions tending to zero or infinity.

J. Karamata, Sur un mode de croissance régulière. Théorèmes
fondamentaux, Bull. Soc. Math. France. 61(1933)55-62.

Lemma 4. Let m and M be the functions given by (b2).
Then

lim
t→0+

M (t)

m (t)
= 0

and

lim
t→0+

M (t)m′(t)

m2 (t)
= 1− Cm.
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Two Lemmas

Lemma 5. Assume that f satisfies (f1) and (f2), and ϕ
satisfies (1.3). Then we have

(i1) ϕ(0) = 0, ϕ(t) > 0, ϕ′(t) = ((k + 1)F (ϕ(t)))
1

k+1 ,

ϕ′′(t) = − ((k + 1)F (ϕ(t)))(1−k)/(k+1) f (ϕ(t));

(i2) lim
t→0+

ϕ′(t)
tϕ′′(t) = − 1

Cf
;

(i3) If (1.5) holds,

lim
t→0+

t

ϕ(ξM(t))
= 0

for ξ ∈ [c1, c2] with 0 < c1 < c2.
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Properties of distance function

Let d(x) = dist(x , ∂Ω) = inf
y∈∂Ω

|x − y |. For any δ > 0, we

define
Ωδ = {x ∈ Ω : 0 < d(x) < δ}.

If ∂Ω ∈ C 2, there exists δ1 > 0 such that

d ∈ C 2(Ωδ1).

Let x ∈ ∂Ω be such that dist(x , ∂Ω) = |x − x | and
ρi (x)(i = 1, · · · , n − 1) be the principal curvatures of ∂Ω at x .
Then, in terms of a principal coordinate system at x , we have{

Dd(x) = (0, 0, · · · , 1),

D2d(x) = diag
[
−ρ1(x̄)

1−d(x)ρ1(x̄) , · · · ,
−ρn−1(x̄)

1−d(x)ρn−1(x̄) , 0
]
.

(2.4)
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Supersolution

Lemma 6. For any 0 < ε < b/2, let

ξ
ε

=

(
b − 2ε

(1 + ε)L0(1− C−1
f (1− Cm))

)1/(k+1)

,

where b, Cm, L0 and Cf are given by (b2), and (f2) respectively.
Then for sufficiently small δε > 0, the following function

uε(x) = −ϕ(ξ
ε
M(d(x)))

is k-admissible in Ωδε and satisfies

Sk(D2uε (x)) ≤ b(x)f (−uε (x)) in Ωδε ,

where ϕ, M and Ωδε are given by (b2) and (f2) respectively.
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Subsolution

Lemma 7. For any ε > 0, let

ξε =

(
b + 2ε

(1− ε)l0(1− C−1
f (1− Cm))

)1/(k+1)

,

where b, Cm, l0 and Cf are given by (b2), and (f2) respectively.
Then for sufficiently small δε > 0, the following function

uε(x) = −ϕ(ξεM(d(x)))

is k-admissible in Ωδε and satisfies

Sk(D2uε (x)) ≥ b(x)f (−uε (x)) in Ωδε ,

where ϕ, M and Ωδε are given by (b2) and (f2) respectively.
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Proof of Lemma 6

Step 1. Show that uε is a k-admissible function in Ωδε with
sufficiently small δε > 0. That is, for 1 ≤ j ≤ k ,

Sj(D
2uε) > 0 in Ωδε . (2.5)

By direct computation,

(uε (x))αβ = (−ϕ(ξ
ε
M(d(x))))αβ =

− ξ
ε

[
ξ
ε
ϕ′′
(
ξ
ε
M (d (x))

)
m2 (d (x)) + ϕ′

(
ξ
ε
M (d (x))

)
m′ (d (x))

]
dαdβ

− ξ
ε
ϕ′
(
ξ
ε
M (d (x))

)
m (d (x)) dαβ.
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Proof of Lemma 6

Using (2.4) and Lemma 5 (i1), we derive that for 1 ≤ j ≤ k ,

Sj(D
2uε)

= −
[
ξ2
ε
ϕ′′
(
ξ
ε
M (d (x))

)
m2 (d (x)) + ξ

ε
ϕ′
(
ξ
ε
M (d (x))

)
m′ (d (x))

]
×
(
ξ
ε
ϕ′
(
ξ
ε
M (d (x))

)
m (d (x))

)j−1
σj−1

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)
+
(
ξ
ε
ϕ′
(
ξ
ε
M (d (x))

)
m (d (x))

)j
σj

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)
= ξj+1

ε
mj+1(d(x))f (ϕ(ξ

ε
M(d(x))))

(
(k + 1)F

(
ϕ
(
ξ
ε
M (d (x))

)))(j−k)/(k+1)

×
[(

1− M(d(x))m′(d(x))
m2(d(x))

((k+1)F(ϕ(ξ
ε
M(d(x)))))

k/(k+1)

ξ
ε
M(d(x))f (ϕ(ξ

ε
M(d(x))))

)
× σj−1

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)
+ M(d(x))

m(d(x))

((k+1)F(ϕ(ξ
ε
M(d(x)))))

k/(k+1)

ξ
ε
M(d(x))f (ϕ(ξ

ε
M(d(x))))

σj

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)]
.
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Proof of Lemma 6

By Lemma 4,

lim
x∈Ω

d(x)→0

M(d(x))

m(d(x))
= 0 and lim

x∈Ω
d(x)→0

M(d(x))m′(d(x))

m2(d(x))
= 1− Cm.

By Lemma 5 (i1) and (i2),

M(d(x)) =

ϕ(M(d(x)))∫
0

((k + 1)F (τ))−1/(k+1)dτ

and

lim
x∈Ω

d(x)→0

((k + 1)F (ϕ (M (d (x)))))k/(k+1)

M (d (x)) f (ϕ (M (d (x))))
=

1

Cf
.
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Proof of Lemma 6

Therefore,

1−M (d (x))m′ (d (x))

m2 (d (x))

(
(k + 1)F

(
ϕ
(
ξ
ε
M (d (x))

)))k/(k+1)

ξ
ε
M (d (x)) f

(
ϕ
(
ξ
ε
M (d (x))

)) > 0 in Ωδε

for sufficiently small δε > 0.
For 1 ≤ j ≤ k − 1, since Ω being strictly (k − 1)-convex,

σj

(
ρ1(x)

1− d(x)ρ1(x)
, · · · , ρn−1(x)

1− d(x)ρn−1(x)

)
> 0 in Ωδε

as δε > 0 being sufficiently small. Furthermore,

σk

(
ρ1(x)

1− d(x)ρ1(x)
, · · · , ρn−1(x)

1− d(x)ρn−1(x)

)
is bounded in Ωδε .

Therefore (2.5) holds.
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Proof of Lemma 6

Step 2. Prove supersolution. By (b2),

(b − ε)mk+1(d(x)) ≤ b(x) in Ωδε

for sufficiently small δε > 0, we see that ”supersolution” is an easy
consequence of

Sk(D2uε (x)) ≤ (b − ε)mk+1 (d (x)) f (−uε (x)) in Ωδε . (2.6)

By above calculations,

Sk(D2uε (x))− (b − ε)mk+1 (d (x)) f (−uε (x))

= ξk+1
ε

mk+1(d(x))f (ϕ(ξ
ε
M(d(x))))

×
[(

1− M(d(x))m′(d(x))
m2(d(x))

((k+1)F(ϕ(ξ
ε
M(d(x)))))

k/(k+1)

ξ
ε
M(d(x))f (ϕ(ξ

ε
M(d(x))))

)
× σk−1

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)
+ M(d(x))

m(d(x))

((k+1)F(ϕ(ξ
ε
M(d(x)))))

k/(k+1)

ξ
ε
M(d(x))f (ϕ(ξ

ε
M(d(x))))

σk

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)]
−(b − ε)mk+1 (d (x)) f

(
ϕ
(
ξ
ε
M (d (x))

))
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Proof of Lemma 6

We only need to prove

ξk+1
ε

[(
1− M(d(x))m′(d(x))

m2(d(x))

((k+1)F(ϕ(ξ
ε
M(d(x)))))

k/(k+1)

ξ
ε
M(d(x))f (ϕ(ξ

ε
M(d(x))))

)
× σk−1

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)
+ M(d(x))

m(d(x))

((k+1)F(ϕ(ξ
ε
M(d(x)))))

k/(k+1)

ξ
ε
M(d(x))f (ϕ(ξ

ε
M(d(x))))

σk

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)]
−(b − ε) ≤ 0 in Ωδε

(2.7)
for sufficiently small δε > 0.
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Proof of Lemma 6

By definition of ξ
ε
,

ξk+1
ε

[
(1 + ε)L0(1− C−1

f (1− Cm))
]
− (b − ε) = −ε.

It follows that

ξk+1
ε

[
(1 + ε)L0

(
1− M(d(x))m′(d(x))

m2(d(x))

((k+1)F(ϕ(ξ
ε
M(d(x)))))

k/(k+1)

ξ
ε
M(d(x))f (ϕ(ξ

ε
M(d(x))))

)
+ M(d(x))

m(d(x))

((k+1)F(ϕ(ξ
ε
M(d(x)))))

k/(k+1)

ξ
ε
M(d(x))f (ϕ(ξ

ε
M(d(x))))

σk

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)]
−(b − ε) ≤ 0 in Ωδε

for sufficiently small δε > 0.
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Proof of Lemma 6

Furthermore,

σk−1

(
ρ1(x)

1− d(x)ρ1(x)
, · · · , ρn−1(x)

1− d(x)ρn−1(x)

)
≤ (1 + ε)L0 in Ωδε .

Combining above inequalities, we obtain (2.7). Therefore we
have (2.6).

We prove Lemma 7 by a similar way.
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Proof of Theorem 2

Step (i). We prove the first inequality of (2.3).

Let v ∈ C 2(Ω) to be the k-admissible solution of
Sk(D2v) = 1 in Ω with v = 0 on ∂Ω.

Since ∆v > 0 in Ω, we have v ≤ 0 in Ω. There exists a
negative constant c such that

cd(x) ≤ v(x) on Ω.

Then we have, for sufficiently large T ,

u + Tv ≤ uε on Λ = {x ∈ Ω : d(x) = δε}

and
u + Tv = uε = 0 on ∂Ω.
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Proof of Theorem 2

It is clear that

D2u + TD2v ∈ S(Γk) in Ω.

Using the concavity of S
1/k
k on S(Γk),

S
1/k
k

(
1

2
D2(u + Tv)

)
≥ 1

2
S

1/k
k (D2u)+

1

2
S

1/k
k (TD2v) ≥ 1

2
S

1/k
k (D2u) in Ω.

Therefore,

Sk(D2(u+Tv)) ≥ Sk(D2u) = b(x)f (−u) ≥ b(x)f (−(u+Tv)) in Ω.

By Lemma 3,

u + Tv ≤ uε = −ϕ(ξ
ε
M(d(x))) in Ωδε .
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Proof of Theorem 2

Divide both sides by −ϕ(ξ
ε
M(d(x))) and then

1− cTd(x)

−ϕ(ξ
ε
M(d(x)))

≤ u

−ϕ(ξ
ε
M(d(x)))

in Ωδε .

Since, by Lemma 5 (i3),

lim
x∈Ω

d(x)→0

d(x)

ϕ(ξ
ε
M(d(x)))

= 0,

we obtain

1 ≤ lim inf
x∈Ω

d(x)→0

u(x)

−ϕ(ξ
ε
M(d(x)))

.

Let ε→ 0 and then we conclude

1 ≤ lim inf
x∈Ω

d(x)→0

u(x)

−ϕ(ξM(d(x)))
.
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Proof of Theorem 2

Step (ii). We turn to prove the second inequality of (2.3).

For sufficiently large T > 0, uε + Tv ≤ u in Ωδε . That is,

−ϕ(ξεM(d(x))) + Tv ≤ u in Ωδε .

Divide both sides by −ϕ(ξεM(d(x))) and then

u

−ϕ(ξεM(d(x)))
≤ 1 +

cTd(x)

−ϕ(ξεM(d(x)))
in Ωδε .

It follows that

lim sup
x∈Ω

d(x)→0

u(x)

−ϕ(ξεM(d(x)))
≤ 1.

Let ε→ 0 and we obtain

lim sup
x∈Ω

d(x)→0

u(x)

−ϕ(ξM(d(x)))
≤ 1.
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Recall (1.2)

{
Sk(D2u) = σk(λ) = b(x)f (u) in Ω,

u = +∞ on ∂Ω.
(1.2)
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Assumptions on f and b.

(f1) f ∈ C 1(0,∞), f (s) > 0, and is nondecreasing in (0,∞);
(f2) The function

Φ(s) =

∞∫
s

dτ

H(τ)

is well defined for any s > 0, where H(τ) = ((k + 1)F (τ))1/(k+1)

and F (τ) =
τ∫
0

f (s)ds. For convenience, we define by ϕ the inverse

of Φ, i.e., ϕ satisfies

∞∫
ϕ(t)

dτ

H(τ)
= t ∀ 0 < t < α,

(b1) b ∈ C 1,1(Ω) is positive in Ω.
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Existence of large solutions

Theorem 3: Let Ω ⊆ Rn be a bounded and strictly
(k − 1)-convex domain with ∂Ω ∈ C 3,1. Suppose that f satisfies
(f1) and (f2), and that b satisfies (b1). Then problem (1.1) admits
a viscosity solution u ∈ C (Ω).

Some related results:
P. Salani, Boundary blow-up problems for Hessian equations,

Manus. Math. 96 (1998) 281-294.
A. Colesanti, P. Salani, E. Francini, Convexity and asymptotic

estimates for large solutions of Hessian equations, Differential
Integral Equations 13 (2000) 1459-1472.

Y. Huang, Boundary asymptotical behavior of large solutions
to Hessian equations, Pacific J. Math. 244 (2010) 85-98.

H.Y. Jian, Hessian equations with infinite Dirichlet boundary
value, Indiana Univ. Math. J. 55 (2006) 1045-1062.
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Proof of Theorem 3

We use the method of proving Theorem 1.
Let w (w < 0) is the admissible solution of{

Sk(D2w) = b(x) in Ω,

w = 0 on ∂Ω.

Then w ∈ C 3,β(Ω) with 0 < β < 1.
(f2) implies that

Ψ(s) =

∞∫
s

1

f (τ)1/k
dτ

is well defined. Let ψ be the inverse of Ψ, i.e., ψ satisfies

t =

∞∫
ψ(t)

1

f (τ)1/k
dτ .
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Proof of Theorem 3

Define
h(x) = ψ(−w(x)) in Ω,

and j = 1, 2, · · · ,

Ωj = {x ∈ Ω : h(x) < j}.

Note that h =∞ on ∂Ω.
Consider {

Sk(D2u) = b(x)f (u) in Ωj ,

u = j on ∂Ωj .

Since h is a k-admissible subsolution, we have, by Lemma 2, it has
k-admissible solution uj .

It is clear
uj ≤ uj+1 in Ωj .
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Construction supersolution

Lemma 8. Let Ω ⊆ Rn be a bounded and strictly
(k − 1)-convex domain with ∂Ω ∈ C 3,1. Suppose that f satisfies
(f1) and (f2), and that b ∈ C 1,1(Ω) is positive. Then there exists a
h ∈ C 2(Ω), h(x)→∞ as d(x)→ 0, such that for any
k-admissible function u ∈ C 2(Ω) ∩ C (Ω) satisfying

Sk(D2u) = b(x)f (u) in Ω,

we have
u ≤ h in Ω.

A. Mohammed, On the existence of solutions to the
Monge-Ampère equation with infinite boundary values, Proc.
Amer. Math. Soc. 135 (2007) 141-149.
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Proof of Theorem 3

For each x0 ∈ Ω, let BR(x0) ⊂⊂ Ω with 0 < R < d(x0). Then
there exists a positive integer j0 so that BR(x0) ⊂ Ωj0 . Since

b ∈ C 1,1(BR(x0)) is positive, by Lemma 8, there exists a
hR ∈ C 2(BR(x0)), hR(x)→∞ as dist(x , ∂BR(x0))→ 0, such that
for all j ≥ j0,

uj ≤ hR in BR(x0).

It follows that
lim
j→∞

uj(x0) = u(x0).

We also have
‖uj‖Cβ(Br (x0)) ≤ C .

Then u ∈ C (Ω).
Moreover, u =∞ on ∂Ω since h ≤ u in Ω and h =∞ on ∂Ω.
That is, u is the viscosity solution.
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Further assumptions on f and b

(f3) There exists Cf > 0 such that

lim
s→∞

H ′(s)

∞∫
s

dτ

H(τ)
= Cf ,

where H(τ) is defined in (f2).
(b2) There exist a positive and nondecreasing function

m(t) ∈ C 1(0, δ0) (for some δ0 > 0), and two positive constants b
and b such that

b = lim inf
x∈Ω

d(x)→0

b(x)

mk+1(d(x))
≤ lim sup

x∈Ω
d(x)→0

b(x)

mk+1(d(x))
= b.

Moreover, there exists Cm ∈ [0,∞) such that

lim
t→0+

(
M(t)

m(t)

)′
= Cm,

where M(t) =
t∫

0

m(s)ds <∞, 0 < t < δ0.
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Theorem 4

Theorem 4: Let Ω ⊆ Rn be a bounded and strictly
(k − 1)-convex domain with ∂Ω ∈ C 3,1. Suppose that f satisfies
(f1), (f2) and (f3), and that b satisfies (b1) and (b2). If

Cf > 1− Cm, (3.1)

then every viscosity solution u of (1.1) satisfies

1 ≤ lim inf
x∈Ω

d(x)→0

u(x)

ϕ(ξM(d(x)))
and lim sup

x∈Ω
d(x)→0

u(x)

ϕ(ξM(d(x)))
≤ 1, (3.2)

where

ξ =

(
b

L0(1− C−1
f (1− Cm))

) 1
k+1

, ξ =

(
b

l0(1− C−1
f (1− Cm))

) 1
k+1

.
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Remark

If b satisfies (b1) and (b2), and f satisfies (f1), (f2) and (f3),
then 0 ≤ Cm ≤ 1 and Cf ≥ 1.

c.f. Z.J. Zhang, Boundary behavior of large solutions to the
Monge-Ampère equations with weights, J. Differential Equations
259 (2015) 2080-2100.

Hence (3.1) holds if Cf > 1, or Cf = 1 and Cm > 0.
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Example 1

Set b = d(x)α(k+1), 0 ≤ α < +∞, near ∂Ω and f (s) = sγ ,
γ > k . Choose m(t) = tα and then

M(t) =
tα+1

α + 1
and Cm =

1

α + 1
.

We also have Cf = γ+1
γ−k > 1. We need γ > k. Then

ϕ(t) =

(
(k + 1)k(γ + 1)

(γ − k)k+1

)1/(γ−k)

t−(k+1)/(γ−k).
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Example 1

By Theorem 4,

ξ =

(
(α + 1)(γ + 1)

L0(γ + 1 + αk + α)

)1/(k+1)

and ξ =

(
(α + 1)(γ + 1)

l0(γ + 1 + αk + α)

)1/(k+1)

.

1 ≤ lim inf
x∈Ω

d(x)→0

u(x)(
l0(γ+αk+α+1)(k+1)k (α+1)k

(γ−k)k+1

)1/(γ−k)
d(x)−(k+1)(α+1)/(γ−k)

and

lim sup
x∈Ω

d(x)→0

u(x)(
L0(γ+αk+α+1)(k+1)k (α+1)k

(γ−k)k+1

)1/(γ−k)
d(x)−(k+1)(α+1)/(γ−k)

≤ 1.
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Example 2

Set b = d(x)α(k+1), 0 ≤ α < +∞, near ∂Ω and F (s) = es ,
s > S0 for some large S0. Choose m(t) = tα. We have Cf = 1,

ϕ(t) = k ln (k + 1)− (k + 1) ln t,

ξ =

(
α + 1

L0

)1/(k+1)

and ξ =

(
α + 1

l0

)1/(k+1)

.

By Theorem 4,

1 ≤ lim inf
x∈Ω

d(x)→0

u(x)

k ln(k + 1)(α + 1) + ln l0 − (k + 1)(α + 1) ln d(x)

and

lim sup
x∈Ω

d(x)→0

u(x)

k ln(k + 1)(α + 1) + ln L0 − (k + 1)(α + 1) ln d(x)
≤ 1.
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Two Lemmas

Lemma 9. Let m and M be the functions given by (b2).
Then

M(0) = lim
t→0+

M(t) = 0,

lim
t→0+

M (t)

m (t)
= 0,

and

lim
t→0+

M (t)m′(t)

m2 (t)
= 1− Cm.
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Two Lemmas

Lemma 10. Assume that f satisfies (f1), (f2) and (f3). Then
we have

(i1) ϕ(t) > 0, ϕ(0) = lim
t→0+

ϕ(t) = +∞,

ϕ′(t) = − ((k + 1)F (ϕ(t)))1/(k+1),

and ϕ′′(t) = ((k + 1)F (ϕ(t)))(1−k)/(k+1) f (ϕ(t));

(i2) lim
t→0+

−ϕ′(t)
tϕ′′(t) = lim

t→0+

((k+1)F (ϕ(t)))k/(k+1)

tf (ϕ(t)) = 1
Cf

;

(i3) ϕ ∈ NRVZ1−Cf
, i .e., for each ξ > 0,

lim
t→0+

ϕ(ξt)

ϕ(t)
= ξ1−Cf .
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Proof of Theorem 4

For any ε > 0, we choose δε > 0 small enough such that
(a1) m(t) satisfies (b2) for 0 < t < δε;
(a2) d(x) ∈ C 2(Ω2δε);
(a3) (b− ε)mk+1(d(x)) ≤ b(x) ≤ (b + ε)mk+1(d(x)) in Ω2δε ;
(a4) For any 0 ≤ j ≤ k − 1,

σj

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)
> 0 in Ω2δε . Recall that ρi (x)

(i = 1, 2, · · · , n − 1) denote the principal curvatures of ∂Ω at x ,
where x ∈ ∂Ω satisfies d(x) = |x − x |;

(a5)

(1− ε)l0 ≤ σk−1

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)
≤ (1 + ε)L0 in

Ω2δε ;

(a6) σk

(
ρ1(x)

1−d(x)ρ1(x) , · · · ,
ρn−1(x)

1−d(x)ρn−1(x)

)
is bounded in Ω2δε .
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Proof of Theorem 4

Fix 0 < ε < b/2 and we choose

ξ
ε

=

(
b − 2ε

(1 + ε)L0(1− C−1
f (1− Cm))

)1/(k+1)

,

and

ξε =

(
b + 2ε

(1− ε)l0(1− C−1
f (1− Cm))

)1/(k+1)

,
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Proof of Theorem 4

Choose 0 < σ < δε.
Define

d1(x) = d(x)− σ, d2(x) = d(x) + σ

and 
uε(x) = ϕ(ξ

ε
M(d1(x))) in Ω2δε \ Ωσ,

uε(x) = ϕ(ξεM(d2(x))) in Ω2δε−σ.
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Proof of Theorem 4

Step 1. uε is k-admissible and

Sk(D2uε (x)) ≤ b(x)f (uε (x)) in Ω2δε \ Ωσ

as δε being sufficiently small.

Step 2. uε is k-admissible and

Sk(D2uε (x)) ≥ b(x)f (uε (x)) in Ω2δε−σ

as δε being sufficiently small.
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Proof of Theorem 4.

Step 3. Let T > 0 sufficiently large and 0 < σ < δε. Then

u ≤ uε + T on Λ1 = {x ∈ Ω : d(x) = 2δε}

and
uε ≤ u + T on Λ2 = {x ∈ Ω : d(x) = 2δε − σ}.

We observe that

u ≤ uε + T =∞ on Λ3 = {x ∈ Ω : d(x) = σ}

and
uε ≤ u + T =∞ on ∂Ω.

By Lemma 3,
uε ≤ u + T in Ω2δε−σ.

and
uε ≤ u + T in Ω2δε−σ.
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Thank you!

Dongsheng Li Xi’an Jiaotong University


	Introduction
	Hessian equations with singular right-hand sides
	Existence of solutions
	Boundary asymptotic behavior

	Large solutions of Hessian equations
	Existence of large solutions
	Boundary asymptotic behavior


