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Minimal Graphs

Lagrange (1762)
�D´R2¥�k.m«�, f : D → R´1w¼ê,PΓ(f) :=
{(x, y, f(x, y)) : (x, y) ∈ D}�f�ã�. XJéu¤k÷
v∂Σ = ∂Γ(f)��>¡Σ,kArea(Γ(f)) ≤ Area(Σ),Kf7
÷v±e�4�¡�§:

(1 + f2y )fxx − 2fxfyfxy + (1 + f2x)fyy = 0.

��±rþã�§�¤±e�ÑÝ/ª:

div

(
∇f√

1 + |∇f |2

)
= 0.

Meusnier (1776)
�M = Γ(f), Kf÷v4�¡�§��=�Mþ�²þ
Ç¼êHð�0.



4�f6
/pdN
ì�©Ù
¯K

ú

8¹

4��
¡

p{�4
�ã

p{�4
�f6/

Ù§�'
�K

�)û�
¯K

Minimal Submanifolds

½Â

�Mn´Rn+m¥�f6/, XJMþ�²þÇ�þ|ð�0,
K¡M�Rn+m¥�4�f6/.

~f:

��²¡

]ó¡ÚÚ^¡
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Bernstein Theorem

½n (Bernstein(1915))

�f´R2þ�1w¼ê, M = Γ(f) := {(x, f(x)) : x ∈
R2}´f�ã�, eM�4�¡, KM7���²¡. {ó
�, 3�Euclid�m�¤k��4�ãÑ´��²¡.

^PDE��ó5`, 4�¡�§

div

(
∇f√

1 + |∇f |2

)
= 0

3R2þ��N)�½´���5�.
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High Dimensional Graphic Cases

½n (Moser(1961, CPAM))

eM = Γ(f)´Rn+1¥�n���4�ã, ��Ç¼ê∆f :=√
1 + |∇f |2��k., KM�½´���m.

½n (Simons(1968, Ann. Math.))

eM = Γ(f)´Rn+1¥�n���4�ã, �n ≤ 7, KM�½´
���m.

,��¡, Bombieri-De Giorigi-Giusti(1969, Invent. Math.)Þ�
~`², Bernstein½nØUí2�8�±þ��/.
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Gauss Maps

½Â

�M´Rn+1¥��½��¡, K�3��½Â3��Mþ�
ü {�þ|, P�ν. ù¦�·�U½Â��1wNìγ : M →
Sn

x 7→ ν(x).

γ¡�GaussNì.
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Gauss Maps and Minimal hypersurfaces

·K

M´���m⇐⇒ Mþ�GaussNì´~�N�.

M´ã=⇒ M�Gauss�á3Sn¥���m�¥S.

M = Γ(f), ¿��Ç¼ê∆f��k.=⇒ M�Gauss�á
3m�¥���4f8S.

M�R3¥�4�¡=⇒GaussNì��XNì.

M�Rn+1¥�4��¡=⇒GaussNì�NÚNì.
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2-Dimensional Cases

ß� (Nirenberg)

éR3¥�?¿���²"4�¡, ÙGauss�3S2¥È�.

Osserman (1959, CPAM)
y²
Nirenbergß�.

Fujimoto (1988, J. Japan. Math. Soc.)
éR3¥�?¿���²"4�¡, ÙGauss�3S2¥�{
8�õ�4�:.

þãó�ïá3WeierstrassL«Ú�X¼ê�©ÙnØ�
Ä:�þ, ØU��í2�p��/.
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Yau’s Problem

1982c, £¤Ð3Seminar on Differential Geometry�Ö�
Problem Section¥Ú^
Nirenbergß��®k¤J, ¿J
Ñ±e¯K:
/Can one generalize these assertions to three-dimensional
minimal hypersurfaces?0

1992c,£¤Ð3Open problem in geometry(Chern-the great
geometer in 20’s century. International Press, Hong Kong)�
/problem 330¥J�:
/The work of Osserman-Xavier-Fujimoto has settled the
question of the value of the values of the Gauss map for
complete minimal surfaces in R3. There is basically no
generalization to higher dimension except the beautiful work
of Solomon for all minimizing hypersurfaces with zero first
Betti number. Can one find a suitable generalization of
Solomon’s theorem by weakening the last two assumption-
s?0
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Bernstein type theorems on Minimal Hypersurfaces

½n (Jost-$�9-ú(2012,JDG))

�M´Rn+1¥���4��¡. é∀x ∈ M , PBR(x) = {y ∈
M : |x− y| < R}. e∃C1, C2 > 0, ¦�

Vol(BR(x)) ≤ C1R
n∫

BR(x)
|v − v̄|2 ∗ 1 ≤ C2R

2
∫
BR(x)

|∇v|2 ∗ 1

¿�M�Gauss�3Sn¥�{8�¹S
n−1
+ �,���, KM�½

´��²¡.

du/���¡0÷vEuclidO�^�ÚNeumann-PoincaréØ
�ª, ·���:

íØ (Jost-$�9-ú(2012,JDG))

�M´Rn+1¥�����¡, ¿�M�Gauss�3Sn¥�{8

�¹S
n−1
+ �,���, KM�½´��²¡.
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Remarks

5

Sn�,�«�S�?¿î�à¼ê�GaussNìγ�EÜ
�4��¡Mþ�rgNÚ¼ê, ù´Ø©¥©Ûóä,
=Hildebrandt-Jost-WidmanS�·^�cJÚÄ:.

�V´Riemann6/(M, g)þ�mf8, eV�?¿;f
8Kþþ�3à¼êfK(fK�U�Kk'), K¡V�M�
à|8(convex supporting set, �[Gordon, 1972, PAMS]).

V := Sn\Sn−1+ ´Sn�4�à|8, �Ø´���4�à|
8.

ÏLSnþ2Â²Ý¼ê��E, ·��±/ÏHarnackØ
�ªÚEcker-Huisken�O�©Ûóä��4��¡�
Ç�O, ¿U?þãBernstein.½n(�[ú, 2015, Calc.
Var. PDE]).
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High Codimensional Minimal Graphs

�f = (f1, · · · , fm) : Rn → Rm´1w��þ�¼ê, M =
Γ(f) := {(x, f(x)) : x ∈ Rn} ´f�ã�. KM�Rn+m¥�4�
f6/��=�f÷v±e�4�¡�§|:∑

i,j

∂

∂xi

(
√
ggij

∂fα

∂xj

)
= 0 α = 1, · · · ,m

Ù¥(gij) := (δij+
∑

α
∂fα

∂xi
∂fα

∂xj
)�M�ÝþÝ
, (gij) := (gij)

−1¿
�g := det(gij). ·�P∆f :=

√
g�f��Ç¼ê.

5

ef : R2 → R2��X¼ê, KM = Γ(f)���4�¡. Ïd,
²;�Bernstein½nØU��í2�p{��/.
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Non-parametric Minimal Cones

·K

XJM = Γ(f)��Ç��k.���4�ã, K

M�Ã¡�IM∞�½´�ëê4�I.

M∞�¥¡���¥¡�;�4�f6/, z�:�{�m
���½f�m�Y�þ�b�.

M����m��=�M∞²".

5

¥¡;�4�f6/�	f5½n⇔�ëêz4�I�½²
"⇒ �Ç��k.���4�ã�½´���m.
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Generalization of Moser’s Theorem

½n (���-Osserman (1967, J. d’Anal. Math.))

�M´R2+m¥�2���4�ã, ��Ç¼ê��k., KM�
½´��²¡.

½n (Babosa (1980, JDG) Fischer-Colbrie (1980, Acta.
Math.))

�M´R3+m¥�3���4�ã, ��Ç¼ê��k., KM�
½´��²¡.

�Moser½nØUí2�n = 4��/.
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Lawson-Osserman Cone

½n (Lawson-Osserman(1977, Acta. Math.)

Pη : S3 → S2�HopfNì, K

Nη :=
{(2

3
x,

√
5

3
η(x)

)
: |x| = 1

}
�S6¥�4�f6/. Nη)¤�ICη�R7¥�4��ëê4�
I.

½n (Ding-Yuan(2006, J. PDE))

�3R7¥�4���4�ãMη, ¦�Mη�Ã¡�ITÐ
�Lawson-OssermanICη.

5

Cη��Ç¼êð�9, Mη��Ç¼ê��31Ú9�m.
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Lawson-Osserman Problem

¯K (Lawson-Osserman(1977, Acta. Math.)

¦Ñ¦�U��C0, ef : Rn → Rm ÷v4�¡�§|,
�∆f ≤ β0 < C0, Ò�±íÑf´���5¼ê�(Ø.

Hildebrandt-Jost-Widman(1980)
y²∆f ≤ β0 < cos−p

(
π

2
√
2p

)
�(Ø¤á,Ù¥p = min{n,m}.

( lim
p→∞

cos−p
(

π
2
√
2p

)
= eπ

2/16 ≈ 1.85.)

Jost-$�9(1999)
y²∆f ≤ β0 < 2�(Ø¤á.
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Bernstein type theorem of higher codimension

½n ($�9-ú(2008, Adv. Math.))

�f : Rn → Rm�4�¡�§|�1w), e∆f < 2, ¿

�n ≤ 4½ö(2 − ∆f )−1 = o(R
4
3 )(Ù¥R2 = |x|2 + |f(x)|2),

Kf�½´���5¼ê.

½n (Jost-$�9-ú(2013, Calc. Var. PDE))

�f : Rn → Rm�4�¡�§|�1w), e∆f ≤ β0 < 3,
Kf�½´���5¼ê.

½n (Jost-$�9-ú(2015, TAMS))

�M = Γf���4�ã, eGaussNìγ : M → Gn,m��??

Ø�L2, ¿�∆f = o(R
2
3 )(Ù¥R2 = |x|2 + |f(x)|2), Kf�½´

���5¼ê.
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Generalized Gauss Maps

½Â

�M´Rn+m¥�n��½�f6/. é?Û�:x ∈ M ,
k��mTxM , d	��mRn+m¥�²1£Ä, òTxM²£
�Rn+m��:, ��Rn+m���n�½��5f�m, l�
�Grassmann6/��:γ(x). ùÒ½Â
GaussNìγ : M →
Gn,m.

·K

M4�=⇒ γ�NÚN�.

M4�, γ(M) ⊂ V , �Vþ�3î�à¼êf
=⇒ f ◦ γ�Mþ�rgNÚ¼ê.

Gn,m�4�àÿ/¥��»�
√
2
4 π.
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The w-Function

½Â

Pψ : P ∈ Gn,m → e1 ∧ · · · ∧ en ∈ Λn(Rn+m)�Plückeri\,
Ù¥{e1, · · · , en}��P½��Î�IO��Ä.

�½P0 = span{ε1, · · · , εn} ∈ Gn,m, ½Â

w(P, P0) = 〈e1 ∧ · · · ∧ en, ε1 ∧ · · · ∧ εn〉 = det
(
〈ei, εj〉

)
.

¡U := {P ∈ Gn,m : w(P, P0) > 0}�P0:��I��.

·K

�M = Γ(f), γ : M → Gn,m, Kγ(M) ⊂ U¿�∆f = v ◦ γ, Ù
¥v := w(·, P0)

−1.
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Convex Functions

·K (Jost-$�9(1999, Calc. Var. PDE))

Pρ�Gn,mþ�P0�ÿ/ål¼ê, Kρ23{P ∈ Gn,m : v(P ) <
2}�à¼ê.

·K ($�9-ú(2008, Adv. Math.))

v3{P ∈ Gn,m : v(P ) < 2}�à¼ê.

·K (Jost-$�9-ú(2013, Calc. Var. PDE))

v3{P ∈ Gn,m : v(P ) < 3}Ø�½´à¼ê, �v ◦ γ´4�f6
/Mþ�gNÚ¼ê, Ù¥γ : M → Gn,m�GaussNì.

·K (Jost-$�9-ú(2015, TAMS))

eγ : M → Gn,m��??Ø�L2, �γ(M) ⊂ U, Kv ◦ γ�4�
f6/Mþ�gNÚ¼ê.
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Parametric Cases

½n (Jost-$�9-ú(2016, Annali SNS))

�P0, P1 ∈ Gn,m, dim(P0 ∩ P1) = n− 1¿�w(P0, P1) = 0. ½Â

Wc := {P ∈ Gn,m : w(P, P0)
2 + w(P, P1)

2 < c2,

�w(P, P1) = 0 =⇒ w(P, P0) < 0}.

�M´Rn+m¥÷vNÈEuclidO�^�ÚNeumann-PoincaréØ
�ª���4�f6/, �γ(M) ⊂⊂W1/3, KM7����m.

½n (Jost-$�9-ú(2016, Annali SNS))

�M´Rn+m¥÷vNÈEuclidO�^�ÚNeumann-PoincaréØ
�ª���4�f6/, γ : M → Gn,m��??Ø�L2, ¿
�γ(M) ⊂⊂W0, KM7����m.
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Lawson-Osserman Constructions

½n (N�¥-ú-Ü[�(2019, JMPA))

�π : Sn → P p�NÚRiemmannìv, i : P p → Sm�4��q
E\, Pf = i ◦ π, K�3b�θ, ¦�

Mθ = {(cos θ · x, sin θ · f(x)) : x ∈ Sn}

´Sn+m+1�4�f6/. ¿�Mθ)¤�ICθ´�Ç�~ê��
ëê4�I.

½n (N�¥-ú-Ü[�(2019, JMPA))

�3Euclid�m¥�Ç��k.���4�ã, ¦�§�Ã¡�
ITÐ�Cθ.
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Bernstein Theorems for Spacelike Stationary
Graphs

½n (ê�-�+-ú(2016, PJM))

�f : R2 → R2
1�1wN�, ¦�M = Γf�R4

1¥�S�4�ã.
K±en«�/k��k�«u):

f����5¼ê, ∆f ≡ c ∈ (0,∞);

f = hy0, Ù¥h�NÚ¼ê, y0�~S1�þ, ∆f ≡ 1;

∆f������[r−1, r](r > 1), ¿�z��Ñ��Ã¡õ
g.

½n (ê�-�+-ú(2016, PJM))

�M = Γf�R2+m
1 ¥���S�4�ã. e�Ç¼êî��u1,

KM�½���²¡. e�Ç¼êØ�L1, KM�½´²"�.
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Rigidity Theorems for Self-shrinkers via Gauss
Maps

½n (¶j-$�9-ú(2016, Adv. Math))

�M�Rn+1¥����¡, �E\N�´_;�. eM´²þ

Ç6gÂ f, ¿�M�Gauss�3Sn¥�{8�¹S
n−1
+ �,

���, KM�½´��²¡.

5

gÂ f�~fS1 × Rn−1`²þã½n¥Gauss��^�®�
��`.

½n (¶j-$�9-ú(2016, Adv. Math))

�M�p{���ã, �Ç¼ê??î��u3, ��gÂ f.
KM�½´��²¡.
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Problems

Question

UÄé¤kp{��ëê4�I?1©a?

~�Ç¼ê4�ã´Ä�½´~Jordan�f6/?

�M�Minkowski� m ¥ � � � a � 4 � f 6 /,
�M�Gauss�÷v�o^��, U
íÑM����m
�(Ø?

´Ä�3Euclid�m¥p{�gÂ fM , ¦�M��Ç�
�k.���ã?

UÄé�Grassmann6/¥¦�U��«�V , e�>4�
ãM�Gauss�á3VS, ÒUíÑM�½4�f6/�
(Ø?
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