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e How to measure smoothness
Q Function spaces on metric spaces with smoothness order < 1
© Characterize Sobolev spaces via ball averages

© Characterize Besov-Triebel-Lizorkin spaces via ball averages
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spaces, have found wide applications in various areas of mathematics.
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How to measure smoothness

¢ Function spaces with smoothness, such as Zygmund spaces,
Lipschitz spaces, Sobolev spaces, Besov spaces and Triebel-Lizorkin
spaces, have found wide applications in various areas of mathematics.

e Basic problem: How to measure smoothness?

e Classical tools on R": derivatives, differences, Fourier transform,
interpolation, decompositions (atoms, molecules, wavelets...), ...
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Zygmund spaces: differences

Zygmund spaces C"(R"), me N
f € CM(R") <> f € C™1(R") with

18207 || co(rn
[ fllem@ny == IIfll gm-1(gny + Z sup hf(ﬂg) < 0o
ly|=m—1 hER™{0} |

o ALg(x) = g(x + h) — g(x)
A2g(x) := ALAlg(x) = g(x + 2h) + g(x) — 29(x + h)
e C%(R") — bounded and uniformly continuous functions
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Sobolev spaces: derivatives

Sobolev spaces W™P(R") & W™P(R"), me N, p € (1,00)

f e WMP(R") < f is locally integrable and 97 e LP(R") for all
|v| = m, with

HfHWm,p(Rn) = Z ||€)7f||Lp(Rn).

[v|=m

fe WMP(R") <= f € LP(R") and 97 f € LP(R") for all |y| < m, with

[l wmpmny = Z 107 F|| Lo (mny-

[y|<m

« WMP(RM) = WMP(R") N LP(R™).
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Fractional Sobolev spaces: Fourier analytic tool

« Recall that (97F)"(€) = £7F(¢)
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Fractional Sobolev spaces: Fourier analytic tool

« Recall that (97F)"(€) = £7F(¢)

Fractional Sobolev spaces W>P(R") & W*P(R"), a € (0, c0),

p € (1,00)
f € W*P(R") <= f is locally integrable and /. f € LP(R"), with

Il We.p(RM) *— ||Iaf||LP(R")-

Moreover,
WP(R™) = LP(R") N W*P(R™).

~

o (Ia)"(€) = [5]7f(€), V€ € R"\ {0}
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Besov spaces: Fourier analytic tool

e S(R™) — Schwartz functions
Soo(R™) — the set of f € S(R") with [, f(x)x” dx = 0 for all v
o Let {g)}jez == {2Mp(2/)} with ¢ € S(R") satisfying

5

supp & € B(0,2)\ B(0,2°1), [5(€)| = C > 0if 3 < e < o

(Homogeneous) Besov spaces 'B,g*"q(R”), a€R,p,qge(0,x]
f € BS4(R") <= f € S, (R") so that

1/q
1fll g qary = {szaqso,-* fz’p(Rn)} < o0,

JEZL

% 20( ;% F)NE) = 2op(27T€)(€)



Triebel-Lizorkin spaces: Fourier analytic tool

(Homogeneous) Triebel-Lizorkin F5,(R"), o € R,
p € (0,00), g € (0, 0]
f e F5y(RM) < f € S, (R") so that

1/q
||f||Fﬁfq(R") = {ZZ]CVQ@]- * fq} < 0.

JEZ.
LP(R")
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Triebel-Lizorkin spaces: Fourier analytic tool

(Homogeneous) Triebel-Lizorkin F5,(R"), o € R,
p € (0,00), g € (0, 0]
f e F5y(RM) < f € S, (R") so that

1/q
HfH/.:[;l,q(R”) = {ZZ]CVQS@]- * fq} < 0.

JEZ.
LP(R")

o If p> 1, then A3 ,(R") = LP(R™) N A ,(R") with A € {B, F}.
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Triebel-Lizorkin spaces: Fourier analytic tool

(Homogeneous) Triebel-Lizorkin F5,(R"), o € R,
p € (0,00), g € (0, 0]
f e F5y(RM) < f € S, (R") so that

1/q
HfH/.:[;l,q(R”) = {ZZ]CVQS@]- * fq} < 0.

LP(R")

o If p> 1, then A3 ,(R") = LP(R™) N A ,(R") with A € {B, F}.
¢ The tools used to define the above function spaces rely on the linear
and differential structures of R".
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Metric measure spaces

Metric measure space

Let X be a non-empty set, d a metric on X, namely, a non-negative
function on X x X satisfying: for any x, y, z € X,

Q dx,y) =0 x=y;

Q d(x,y) =d(y, x);

Q d(x,z) < d(x,y)+d(y,2).

Assume that u is a Borel measure on X. Then (X, d, ) is called a

metric measure space.
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Metric measure spaces

Metric measure space
Let X be a non-empty set, d a metric on X, namely, a non-negative

function on X x X satisfying: for any x, y, z € X,
Q dx,y)=0<= x=1y;

Q d(x,y) = d(y,x);

Q d(x,2) <d(x,y)+d(y, 2).

Assume that u is a Borel measure on X. Then (X, d, ) is called a

metric measure space.

¢ In general, a metric measure space has no classical linear and
differential structure as R"
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¢ Due to the lackness of many classical important tools (addition, high
order difference, derivatives, Fourier transforms, ...), the main difficulty
for developing function spaces with smoothness on metric measure
spaces is to find suitable tools to describe regularity/smoothness.

e From 90’s, functions spaces with smoothness order < 1 on metric

measure spaces have received great progresses, €. g, Sobolev spaces
via Hajtasz gardients or upper gradients
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2. Function spaces on metric spaces with
smoothness order < 1
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2.1 Hajtasz-Sobolev spaces

Bojarski 1991

lf pe (1,00) and f € W'P(R"), then for all x, y € R”,

F() = FW)] S 1X = Y1 [Mix—y (V)(X) + My (VE)(y)]

@ For Re (0,], g € L _(R™),
1
Ma(@)(x) =sup o [ lgW)idy. x e R,
r<R rn B(x,r)
@ Note that Mg(Vf) € LP(R")
[B91] B. Bojarski, Remarks on some geometric properties of Sobolev mappings,

Functional analysis & related topics (Sapporo, 1990), 65-76, World Sci. Publ., River
Edge, NJ, 1991.
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Pointwise characterization of W'P(R")

Hajtasz 1996
Let p € (1,00) and f be a measurable function. Then f ¢ W'P(R")
<= there exists a 0 < g € LP(R") such that fora.e. x, y € R",

[F(x) = )| S [x = yllg(x) + 9]

Moreover, |Vf| < ga.e.

@ Note that the above pointwise inequality can be easily extended to

a general metric space

[H96] P. Hajtasz, Sobolev spaces on an arbitrary metric space, Potential Anal. 5

(1996), 403-415.

14/50
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Hajtasz gradients [H96]
Let (X, d, 1) be a metric measure space, f is a measurable function on X. A
non-negative function g is called a Hajtasz gradient of f, if it satisfies

() = f)I < d(x, ¥)[9(x) + 9(»)]-

fora.e. x, y € X.

| \

Hajtasz-Sobolev spaces [H96]

Let (X, d, 1) be a metric measure space and p € (1,00). The
Hajtasz-Sobolev space M'-(X) is the set of all measurable functions f on X
which have Hajtasz gradient g € LP(R"). Moreover, ||f|| ., x) := infg [|gl|o(x)-
The inhomogeneous counterpart M'P(X) is defined as LP(X) N M'-P(X).

o [H96] M'P(R") = W'P(R"), M'P(R") = W'P(R")
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Fractional Hajtasz gradients & Sobolev spaces [Hu03,Y03]

@ For a € (0,1], a a-Hajtasz gradient of f is a non-negative function
g satisfying

f(x) = f) S [dx )" g(x) + 9(¥)] a.e.x,yeX.

@ The fractional Hajtasz-Sobolev space M*P(X) with p € [1,00) is
{f measurable : f has a-Hajtasz gradient g € LP(R")}
With [l jgo.x) = infg 1]l ox)-
@ MYP(X) := LP(X) N M*P(X). )
[HuO03] J. Hu, A note on Hajtasz-Sobolev spaces on fractals, J. Math. Anal. Appl. 280
(2003), 91-101.

[Y03] D. Yang, New characterizations of Hajtasz-Sobolev spaces on metric spaces,

Sci. China Ser. A 46 (2003), 675-689.



@ Recall that M'"P(R") = W'-P(R") = F;;,z(Rn)

@ [YO03] Surprisingly, for a € (0, 1),

MP(R") = Fp  (R")2F5o(R") = WP(R")
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Disadvantage of Hajtasz gradients

@ f=ca.e.onameasurableset F=— Vf=0a.e.on F

@ Not true for Hajtasz gradients in general

Recall
1) = )] S 1x = Y| [Mx—y | (VH)(X) + Mi_y (VE)()]

for f € WTP(R).

(WEN YUAN BNU)

18/50




2.2 Newton Sobolev spaces

@ Acurve v: [a,b] — X is a continuous mapping from an interval
[a, b] into X. If £() < oo, then ~ is rectifiable

p-Modulus

For a collection I of curves in X, its p-Modulus with p € [1, c0) is given
by

MOdP(r) = peip{r) ”pHIZP(X)a

where

F(T) = {p nonnegative Borel measurable on X :

/pdSZ1,V’y€F}
.

(WEN YUAN BNU)
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Upper gradients [HK98,KM98]

Let u be a measurable function on X. A Borel measurable
non-negative function g on X" is an upper gradient of u if

() u(x(b)) - u((a))] < / gds

y

holds for all non-constant compact rectifiable curves v : [a, b] — X.
Moreover, if (x) fails only on a family I with Mod,(I') = 0, then g is

called a p-weak upper gradient of u.

[HK98] J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with
controlled geometry, Acta Math. 181 (1998), 1-61.
[KM98] P. Koskela and P. MacManus, Quasiconformal mappings and Sobolev

spaces, Studia Math. 131 (1998), 1-17.
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Newton-Sobolev spaces [S00]

Let p € [1,00). Define N'P(X) as the set of all u € LP(X) which has a
p-weak upper gradient g € LP(X), with

1Ull 1) = NUllex) + inggHLP(X)a

where the infimum is taken over all p-weak upper gradients g of u.

Defineu ~ v <= |ju — )= 0, and the Newton-Sobolev space

V||K/1,p(x
as

N'YP(X) i= N"P(X)/ ~,  llullno = Ul greg-

[S00] N. Shanmugalingam, Newtonian spaces: an extension of Sobolev spaces to

metric measure spaces, Rev. Mat. Iberoam. 16 (2000), 243-279.
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e Locality: f = ¢ a. e. = weak upper gradientg =0 a. e.
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e Locality: f = ¢ a. e. = weak upper gradientg =0 a. e.

Doubling measure
The measure p is doubling, if u(B(x,2r)) < Cu(B(x,r)).

Poincaré inequality
A space X is said to support a weak (1, p)-Poincaré inequality, if 3
)

C > 0s.t. Vopenballs Bin X, u € L'(B) and upper gradient g of v,

/LJB)/B\U— ug|dp < C diam(B) (u(lB)/ng du)up

for some > 1, where ug := ﬁ [pudu.

.

« 7=1: (1, p)-Poincaré inequality
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Relation: Hajtasz and Newton Sobolev spaces

Theorem [S00]

Let p € [1,00). If v is doubling, X is complete and supports a weak
(1, p)-Poincaré inequality, then

N'P(X) = MYP(X).

In particular,
NVP(R™) = M'P(R™) = W'P(R™).

(WEN YUAN BNU)
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2.3 Besov-Triebel-Lizorkin spaces via ATI

¢ Recall that Besov and Triebel-Lizorkin spaces on R are defined via
So(RM), SL(R") and

o+ 100 i= [ olx =)y dy.

The set {¢;}; can be related to an approximation to identity.

Bz (R™), a €R, p,q € (0,c0]

f € Bg 4(R") <= f € S (R") so that

jez.

1/q
11l 55 zny = {szaqwj*fﬁp(m} < 0.
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Test functions, distributions and AT|

¢ In 2008, Han, Muller and Yang [HMY08] constructed test functions,
distributions and approximations to identity (ATI) on RD spaces, i. e.,
metric spaces whose measure is doubling and also reverse doubling
3Ce (0,1] and k > 0 so that

CAN*u(B(x,r)) < w(B(x,\r)), VA>1))

[HMYO08]Y. Han, D. Miiller and D. Yang, A theory of Besov and Triebel-Lizorkin
spaces on metric measure spaces modeled on Carnot—Carathéodory spaces, Abstr.
Appl. Anal. 2008, Art. ID 893409, 1-250.
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Test functions
Let xo € X, r € (0,00), 8 € (0,1] and v € (0, 00). A function ¢ on X is
called a test function of type (xo, r, 8, ) if there exists a positive
constant C such that

i 1
O el = Crrvirvien [ramoxn] forany x € &;

.o d ,
(i) [p(x) —(y)| < C[r+c(lxxg,x)]dV,(x0)+Vr(x)+V(xo, slratez] for any
X, y € X satisfying that d(x, y) < [r + d(xo, X)]/2.

These functions are denoted by G(xo, r, 3,7). Let g°(x0, r,3,v) beits

subspace of ¢ satisfying [, ¢du = 0.

(WEN YUAN BNU) 26/50



Test functions
Let xo € X, r € (0,00), 8 € (0,1] and v € (0, 00). A function ¢ on X is
called a test function of type (xo, r, 8, ) if there exists a positive
constant C such that

i 1
@ le()| < Copemvnviex [rrdten] | for any x € X;

(i) |§0(X) ( )’ < C[H»c(lxxgx)]dVr(X0)+Vr(X)+V(X0,X)[r+d (X0, X)] for any
X, y € X satisfying that d(x, y) < [r + d(xo, X)]/2.

These functions are denoted by G(xo, r, 3,7). Let g°(x0, r,3,v) beits
subspace of ¢ satisfying [, ¢du = 0.

o Vi(x) == u(B(x,r)), V(x,y) := n(B(x, d(x,y)))

e G(xo,r,8,7) =G(xo, T, ,7), and so we write G(53,7) := G(xo, 1, 3,7)
e Fore e (0,1], 8, v € (0,€, let G5 (3, v) be the closure of G(e, €) in
G(8,7), and define G5(, ) similarly.



Approximations to identity (ATI)
Let e € (0, 1]. A sequence {Sk}«ez of bounded linear integral operators on
L2(X) is an approximation of the identity (ATI) of order e, if the kernel Sk(x, y)
satisfies

(i) Sk(x, y) =0if d(x, y) > Ci2=% and |Sk(x, y)| < Cgm;

(ii) if d(x, x") < max{Cy, 1}2'~* then

1

Sk(x%, y) = SlX', Y| < G2 [, XN =

(iii) Property (ii) holds with x and y interchanged;
(iv) if d(x, x’) < max{Cy, 1}2' =% and d(x, x’) < max{Cy, 1}2' X, then

I[Sk(x, ¥) = Sk(x, )] = [Sk(X', ¥) = Sk(x', Y|

[a(x, XDy, y)I°
Vio—i(X) + Vo« (X)

(V) fx Sk(x, 2)du(2) =1 = [ Su(z, ¥) du(2) j

(WEN YUAN BNU) 27/50

< 0222k6




o Let Dy := Sk — Sk_1 and Di(f) := [y Dk(-, ¥)f(y) du(y)

Lete € (0, 1), |o| <eand p, g € (max{n/(n+¢€), n/(n+ €+ a)}, o0].
The Besov space Bg,(X) and Triebel-Lizorkin space Fg',(X) consist,
respectively, of all f € (ég(ﬁ,y))’ for some 3, v € (0, €) such that

1/q
Hf”B;%(X) = {szaqHDk(f)HZp(X)} < o0
KEeZ

and

< 0.
keZ

1/q
11l e x) = {Z 2k°“7|Dk(f)|q}

Lp(X)
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Besov-Triebel-Lizorkin spaces via exp-ATl

e Recently, via a new class of approximation to identity with
exponential decay constructed in [HLYY], Wang et el. [WHHY]
introduced Besov and Triebel-Lizorkin spaces on spaces of
homogeneous type (The reverse doubling condition is not needed)

[HLYY] Z. He, L. Liu, D. Yang and W. Yuan, New Calderdn reproducing formulae with
exponential decay on spaces of homogeneous type, Sci. China Math. 62 (2019),
283-350.

[WHHY] F. Wang, Y. Han, Z. He and D. Yang, Besov spaces and Triebel-Lizorkin
spaces on spaces of homogeneous type with their applications to boundedness of

Calderén—Zygmund operators, Submitted.
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2.4 Besov-Triebel-Lizorkin via Hajtasz gradients

¢ [KYZ11] Hajtasz-Besov and Hajtasz-Triebel-Lizorkin spaces with
smoothness « € (0, 1] on RD-spaces

« Tool: Hajtasz gradient sequence, i. e., {gk }kez Satisfies that

() = ()] < [d(x, Y1 [gk(x) + gk (¥)], a.e. d(x,y) ~27F

[KYZ11] P. Koskela, D. Yang and Y. Zhou, Pointwise characterizations of Besov and
Triebel-Lizorkin spaces and quasiconformal mappings, Adv. Math. 226 (2011),

3579-3621.
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[KYZ11] Hajtasz Besov-Triebel-Lizorkin spaces

Let a € (0,1], p € (0,00) and g € (0, oc]. The Hajtasz Besov space
N ,(X) and Hajtasz Triebel-Lizorkin space Mg ,(X) are defined,
respectively, as the set of all locally integrable functions f which have
Hajtasz gradient sequence {gx }kez in ¢9(LP) and LP(¢9), that is

1/q
||fHN;;q(x) :— {Z HQkHLp x)}

keZ
and
1/q
If “M LX) m;]:ez {Z‘gk‘q}
keZ LP(X)
are finite.
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@ Much more simple definitions than B and F spaces defined via ATI

@ Coincidence with B and F spaces defined via ATI

@ Application: Invariance of quasi-conformal mappings
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@ Much more simple definitions than B and F spaces defined via ATI

@ Coincidence with B and F spaces defined via ATI

@ Application: Invariance of quasi-conformal mappings

How to define function spaces with smoothness order > 1 on metric

measure space?
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3. Characterize Sobolev spaces via ball
averages
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A classical characterization of Sobolev spaces

Leto € (0, 1) and p € (1, 00). Then the fractional Sobolev space
We:P(R") coincides with {f € LP(R"); ||S4(f)||prny < o0} , where

P 1/2
sa(fxx):{/0 M(X,nv(x)—f(yndy] ,1%}  XER"

v

@ B(x, t):={y eR": |y —xI <t} $pi.n = B Jon)
@ [GKZ13] Not true when o > 1:
If o« > 1, then f € LP(R") + ||sa(f)||orry < oo = f = Constant
[GKZ13] A. Gogatishvili, P. Koskela and Y. Zhou, Characterizations of Besov and

Triebel-Lizorkin spaces on metric measure spaces, Forum Math. 25 (2013), 787-819,
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Alabern-Mateu-Verdera characterization

@ Define

SulP(X) = { s

Theorem ([AMV12])

o 1/2
dt
[ANOR) dy‘ M} .

Leta € (0,2)and p € (1, o0). Then f € W*P(R") if and only if
f € LP(R™) and S,(f) € LP(R").

@ Difference: |f(x) — f(y)| in s, is replaced by f(x) — f(y) in S,.

@ S,(f) does not depends on the differential structure of R"

[AMV12] R. Alabern, J. Mateu and J. Verdera, A new characterization of Sobolev
spaces on Rn, Math. Ann. 354 (2012), 589-626.

(WEN YUAN BNU)
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@ Key Point:

e The Taylor expansion for f € C2(R") of order 2:
f(y) = f(x) + VI(x) - (x = y) + O(Ix — y[?), X, y € R";

° fB(X,O(x —y)dy =0;
§ 10~ )y = O(). x € B
B(x,t)

@ S, provides smoothness up to order 2, but s, only 1.

@ This observation was originally used by Wheeden in 1969 to study
Lipschitz (Besov) spaces.
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Another observation on the square function S,(f)

@ Rewrite
74 [1(x) — F(y)] dy = f(x) — Bif(x)
B(x, 1)

with ’
Bif(x) := / f ay.
: ( ) |B(X7 t)‘ B(x,t) (y) 4
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Then, Alabern-Mateu-Verdera’s square function

5 1/2
dt
f(x)— () dy| -5 . ae(0,2),
£, 0= ) y| ﬂm} (0,2)

can be reformulated as

{ /0°° ‘ f(x) taBzf(X)

(WEN YUAN BNU) 38/50



Theorem [DGYY1]

Let p € (1,00). The following statements are equivalent:
(i) f € WZP(R™);

(i) f € LP(R™) and 3 g € LP(R") such that

i

Jmi—s—=g in S'(R);

(iii) f € LP(R") and 3 g € LP(R") such that, for all t € (0,00) and a. e.
x € R7,

|f(x) — Bef(x)| < £g(x).

o Key tool: lim_,o+ 2% = —5l Ap in S(R")

[DGYY1] F. Dai, A. Gogatishvili, D. Yang and W. Yuan, Characterizations of Sobolev

spaces via averages on balls, Nonlinear Anal. 128 (2015), 86-99.
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Higher order case

@ Observe that, for all t € (0,00) and x € R”,

100 - Bif(x) = 100 - 5 § o )+ = )y

1
-3¢ o MO 0) 4 16— )~ 2100] o

1}{ 5
= —— A% f(x)dy.
23(0’1) ty()y

o AY(X) = f(x + h) — f(x), AY = AYANT)
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Thus, it is very natural to introduce a higher order average
operator B; , via the identity

1

f(x) — By tf(x) = C

7{ ATf(x)dy, x eR", LEN.
B(0.1)

for some constant C,.
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Observe that

:(_1)€<£€> () +2(= ”,i ( )B/tf()

V4
Buif(x) = — Z(—Uf( 2”/,) Bif(x), te(0,00), x € R

* Comparing with differences, B, ;f can be easily defined on metric
measure spaces
* f(x) — Botf(x) = O(t%), £eN.
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Theorem [DGYY1]

Let p € (1,00) and ¢ € N. The following statements are equivalent:
(i) f € W2HP(RM);

(i) f € LP(R") and 3 g € LP(R") such that

. [ —Byf .
L. tzém =g in S'(R");

(iii) f € LP(R") and 3 g € LP(R") such that, for all t € (0, 00) and a. e.
x € R",

|f(x) — By f(x)] < t2°g(x).
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Theorem [DGYY1]

Let p € (1,00) and ¢ € N. The following statements are equivalent:
(i) f € W2EP(R™);

(i) f € LP(R") and 3 g € LP(R") such that

. [ —Byf .
L. tzém =g in S'(R");

(iii) f € LP(R") and 3 g € LP(R") such that, for all t € (0, 00) and a. e.
x € R",

|f(x) — By f(x)] < t2°g(x).

@ How about Triebel-Lizorkin spaces and Besov spaces?
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4. Characterize Besov-Triebel-Lizorkin
spaces via ball averages
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Littlewood-Paley characterizations

* idea: use {f — B, ,—«f}x to replace {¢k * f}x

Theorem [DGYY2]

Let £ € N, a € (0,2¢) and g € (0, 00]. Then f € By ,(R") if and only if
f € LP(R") when p € (1,00) or f € CO(R") when p = oo, and

00 1/q
1|8y oy = 1fllLorry + {Z ko) f — B£72kf||ch(Rn)} < o0.
k=1

Moreover, [[| - [||gg ,(rn) is equivalent to || - || g (rn)-

[DGYY2] F. Dai, A. Gogatishvili, D. Yang and W. Yuan, Characterizations of Besov
and Triebel-Lizorkin spaces via averages on balls, J. Math. Anal. Appl. 433 (2016),
1350-1368.
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Theorem [YYZ,DGYY2]

Let{ e N, a€(0,2¢), p€ (1,00) and g € (1,00]. Then f € Fg,(R") if

and only if f € LP(R™) and

o) 1/q
1l g oy == flloqrmy + {Z ko) Bg,z—kflq}

k=1 LP(R")

Moreover, ||| - [[|rg, n is equivalent to || - || fs, (&n).-

[YYZ] D. Yang, W. Yuan and Y. Zhou, A new characterization of Triebel-Lizorkin

spaces on Rn, Publ. Mat. 57(2013), 57-82.
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More on Littlewood-Paley characterizations

Z. He, D. Yang and W. Yuan, Littlewood-Paley characterizations of second-order
Sobolev spaces via averages on balls, Canad. Math. Bull. 59(2016), 104-118.

Z. He, D. Yang and W. Yuan, Littlewood-Paley characterizations of higher-order
Sobolev spaces via averages on balls, Math. Nachr. 291(2018), 284-325.

D.-C. Chang, J. Liu, D. Yang and W. Yuan, Littlewood-Paley characterizations of
Hajtasz-Sobolev and Triebel-Lizorkin spaces via averages on balls, Potential Anal.
46(2017), 227-259.
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Hajtasz type gradients via ball averages

Definition [YY17]

Let o € (0,00) and f € LI (R"). A sequence g := {gj};>o Of
non-negative measurable functions is called a («, ¢)-order Hajtasz type
gradient sequence of f if, for each j, there exists a set E; C R" with

measure zero such that
|f(x) = Byp-if(X)] <27/%gj(x), x eR"\ E;. (1)

Each g; satisfying (1) is called an («, ¢)-order Hajtasz type gradient of f
at level j.

v

[YY17] D. Yang and W. Yuan, Pointwise characterizations of Besov and
Triebel-Lizorkin spaces in terms of averages on balls, Trans. Amer. Math. Soc.

369(2017), 7631-7655.
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Pointwise characterizations of B-space

Theorem [YY17]

Let /€N, a € (0,2¢), p € (1,00] and q € (0,00]. Then f € By ,(R") if

and only if f € LP(R") when p € (0, 00) or in C°(R") when p = oo, and
there exists a («, £)-order Hajtasz type gradient sequence g = {g;};>0
of f such that

1/q
inf {Z 2ked gkLP(R")} < 00,

k>0

where the infimum is taken over all such g = {g;};>o-
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Pointwise characterizations of F-space

Theorem [YY17]

Let/ e N, a € (0,2¢) and p € (1,00), g € (1,00]. Then f € Fg,(R") if

and only if f € LP(R") and there exists a («, £)-order Hajtasz type
gradient sequence g = {g;}>o of f such that

1/q
inf {Z2k°‘qgkq} < 00,

k>0
LP(RN)

where the infimum is taken over all such g = {g;};>o-

50/50
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Pointwise characterizations of F-space

Theorem [YY17]

Let/ e N, a € (0,2¢) and p € (1,00), g € (1,00]. Then f € Fg,(R") if
and only if f € LP(R") and there exists a («, £)-order Hajtasz type
gradient sequence g = {g;}>o of f such that

1/q
inf {Z2k°‘qgkq} < 00,

k>0
LP(RN)

where the infimum is taken over all such g = {g;};>o-

e Further applications of these ball average characterizations ?7?

Thank you for your attention!
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