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 Random Matrices for description of quantum transport 
in chaotic cavities.

 The Integrable theory of Random Matrices

Other applications



 The system geometric scales is between 
macroscopic and microscopic (10-6 m);

 Both the quantum and statistical descriptions 
are required;

 Significant fluctuations of the observables 
requires mean value, moments and 
distributions;

 Conductance G is the easiest to measure;

 A universal method of description is of interest.

ΔI = G ΔV



 Single electron on the Fermi surface without losses (infinite 
potential walls)

 Broken time-reversal symmetry: the Hamiltonian is 
Hermitian

 The cavity is chaotic (the classical billiard of the same 
shape is chaotic)

 Universal regime: Electron dwell time >> Ehrenfest time 
(W<<L)



 Bohigas-Giannoni-Schmit conjecture (1984):

Hamiltonian of a chaotic system can be replaced by a 
random matrix of the proper symmetry

N x N random Gaussian Hermitian 
matrix (GOE)

The distribution of the nearest eigenlevel spacings:

There are many other works were done to support the 
conjecture.

Nearest neighbor density for a

(desymmetrized) Sinai billiard,

showing that this distribution

agrees perfectly well with the

Wigner surmise (1956)

valid for the Gaussian

Orthogonal Ensemble (solid line).

Sinai billiard



 Scattering matrix connects the amplitudes of incoming quantum waves with 
the amplitudes of outcoming waves; r – reflection part, t – transmission part 

 Conductance is transmission (Landauer 1958)

 Bohigas-Giannoni-Schmit conjecture (1984):

The Hamiltonian of a chaotic cavity is replaced by 

a random matrix drawn from GUE:

 Ballistic point contacts: scattering matrix is a random unitary matrix

(Blumel, Smilansky 1990), circular unitary ensemble CUE



The observable: conductance

The sought quantity is the moment 

generation function (Laplace 

transform of the conductance density)

Integrating out the angular degrees of 
freedom transforms F(z) to the n-fold 

integral over the transmission coefficients

Squared Vandermonde

determinant
Moment generation function: Cumulant generation function:



The matrix integral

is a τ –function that satisfies the Toda-lattice hierarchy and the Kadomtsev-Petviasvili hierarchies.

Adler, van Moerbeke (1995)

Vandermonde determinant



The matrix integral

is a τ –function that satisfies the Toda-lattice hierarchy and 

the Kadomtsev-Petviasvili hierarchies.

Adler, van Moerbeke (1995)

τ - function is a function, which depends on an 

infinite number of parameters and satisfies an infinite 

number of relations.

R.Hiroto, M.Sato (1981)

Complete integrability

Complete chaos

The number of degrees of 
freedom coincide with the 
number of integrals of motion.

Infinite number of integrals of 
motion and infinite number of 
degrees of freedom.



Toda lattice hierarchy, the first equation:

Initial conditions:

One can calculate the conductance density for small n (number of open channels)



n/2 –is the mean value of g.

The Gaussian approximation 

is only valid for |g-n/2|<n/4



The first equation of Kadomtsev-Petviashvili hierarchy  (KP-equation):

Projection onto the hyperplane u=0

The projections of the derivatives                                                                                     are unknown. 

The missing block is the Virasoro constraints



The Virasoro constraints

The integral is invariant with respect to transformation 

of the integration measure (the transformation is zero 

at the boundaries of the integration domain).



The Virasoro constraints + Kadomtsev-Petviashvili
projection onto u=0 give rise to the Painleve V

Painleve V:

Moment generation function: Cumulant generation function:

Requirement of  

convergence:



Geometry of two leads with NL and NR number of open modes

Number of open channels:

Asymmetry parameter:

Mean value

Variance

Skewness



V.Al.Osipov, E.Kanzieper, “Integrable theory of quantum transport in chaotic cavities”, Phys.Rev.Let. 101 (2008) 176804

Integrable theory

Toda Lattice hierarchy:

Representation in terms of 

Painleve V transcendent:



Often the matrix integral is 

represented in terms of (one 

of six) Painleve equation due 

to KP-hierarchy.

The other hierarches (TL) give 

rise to additional relations

Sometimes the Virasoro

constraints are not resolvable.



-- The realistic Hamiltonian of  the cavity is replaced by a random Hermitian matrix 

(Bohigas-Giannoni-Schmit conjecture). The scattering matrix is drawn from CUE.

-- The transport characteristics are calculated as an average of  the observable over ensemble of  random matrices. 

The observable: conductance and the shot-noise power

The sought quantity is the joint moment 

generation function



conductance and the shot-noise power

Integrable theory



conductance and the shot-noise power

Mean value

Variance

Joint cumulant generation function

The conductance cumulants are known, they play a role of initial 

condition for calculation of the shot-noise-power cumulants

V.Al.Osipov, E.Kanzieper, “Statistics of thermal to shot noise crossover in chaotic cavities”, J.Phys.A:Math.Theor. 42 (2009) 475101



Integrable theory

The averaged characteristic 

polynomials appear in SUSY

The averaging is taken over ensemble 

of random Hermitian matrices with the 

Gaussian probability measure (GUE)

V.Al.Osipov, E.Kanzieper, “Correlations of RMT characteristic polynomials and integrability: Random Hermitian matrices”, Annals of Physics 325 (2010) 2251



Integrable theory

Multidimensional Painleve equation (?):

For a single determinant model it reduces to Painleve IV:

V.Al.Osipov, E.Kanzieper, “Correlations of RMT characteristic polynomials and integrability: Random Hermitian matrices”, Annals of Physics 325 (2010) 2251



 Power spectrum of a quantum chaotic system is expressed in terms of Painleve transcendent 
equation and behaves differently than 1/f-noise as it has been assumed earlier.

R.Riser, V.Al.Osipov, E.Kanzieper, “Power-spectrum of long eigenlevel sequences in quantum chaology”, Phys.Rev.Let. 118 (2017) 204101
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The eigenangles of a random 

Unitary matrix with a fixed zero:

The Joint Probability Density Function (Tuned CUE):

Power spectrum:

Integrable theory

The power spectrum is expressed in terms of Painleve VI

The large-M asymptotic through Painleve V



Numerics: M=512

averaging over 4 x 108 matrices

Extensive numeric invalidates a
traditional assumption that the
power-spectrum follows 1/f law for
chaotic quantum system. The relative
error reaches 34%.



M=512

4 x 108

Extensive numeric invalidates a
traditional assumption that the
power-spectrum follows 1/f law for
chaotic quantum system. The
relative error reaches 34%.
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